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Welcome to Actuarial University 

Actuarial University is a reimagined platform built around a more 
simplified way to study. It combines all the products you use to 

study into one interactive learning center.

When this icon appears, it will be next to an important 
topic in the manual! Click the link in your digital manual, 
or search the underlined topic in your print manual.

You can find integrated topics using this network icon.

1. Login to: www.actuarialuniversity.com

2. Locate the Topic Search on
your exam dashboard, and
enter the word or phrase into
the search field, selecting the
best match.

3. A topic “Hub” will display a
list of integrated products
that offer more ways to
study the material.

4. Here is an example of the
topic Pareto Distribution:



Your Adaptable, Customizable, Online Actuarial Exam Prep Tool.
GOAL is an eLearning test preparation tool for students to practice skills learned in class 
or from independent study. The online platform offers a massive database of SOA & CAS 

exam-style problems with detailed solutions.
GOAL offers instructor support as well as performance reporting and tracking to monitor 

your progress. Don’t forget to check out GOAL Score to see how ready you are to sit for 
your exam!

GOAL: Guided Online Actuarial Learning

Practice. Quiz. Test. Pass!
• 10,000+ Exam-style problems with detailed solutions!
• Adaptive Quizzes
• 3 Learning Modes
• 3 Difficulty Modes

Within the Hub, there will be unlocked and locked products.

Probability for Risk Management, 3rd Edition

GOAL for P

Unlocked Products are the products that you own.

Locked Products are products that you do not own, and are 
available for purchase.

Many of Actuarial University’s features are already unlocked with your 
study program, including:

Virtual Flashcards Formula & Review Sheet

  OAL Practice Tool Instructional Videos*

*Available standalone, or included with the Study Manual Program Video Bundle



GOAL

Free with your ACTEX or 
ASM Study Manual Program.

Practice. Predict. Pass. 

Prepare for your exam confidently with GOAL custom Practice Sessions, 
Quizzes, and Simulated Exams.

Available now for P, FM, FAM, ALTAM, ASTAM, SRM, MAS-I, MAS-II, CAS 6C/U

A ctuarial Univ ersity

Rate this problem InadequateNeeds ImprovementExcellent

Quickly access the 
Hub for additional 

learning

Flag problems for 
review, record 

notes, and email 
your professor.

View difficulty 
level.

Helpful strategies 
to get you 

started.

Full solutions, 
with detailed 
explanations 

to deepen your 
understanding.

Commonly 
encountered 

errors.

Rate a 
problem or give 

feedback



Available now for P, FM, FAM, ALTAM, ASTAM, SRM, MAS-I, MAS-II, CAS 6C/U

GOAL Score tracks your performance through GOAL Practice Sessions, 
Quizzes, and Exams, resulting in an aggregate, weighted score that gauges 
your exam preparedness.

By measuring both your performance, and the consistency of your 
performance, GOAL Score produces a reliable number that will give you 
confidence in your preparation before you sit for your exam.

Practice. Predict. Pass. 

Quickly return 
to previous 

sessions.

Detailed 
performance 

tracking.

See key areas 
where you can 

improve.

If your GOAL 
Score is a 70 or 
above, you are 
well-prepared 
to sit for your 

exam!

GOAL

Track your exam readiness 
with GOAL Score!
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Preface

Welcome to Exam ALTAM!
On Exam FAM-L, you learned the basics of life insurance mathematics; mortality models, insurances, annuities,

premiums, and reserves. On ALTAM, we discuss more general long-term insurances. Sometimes insurance covers
more than one life. Sometimes the benefit depends on how one died. And there are other long-term products to
analyze, such as disability income and long term care. We discuss all of these products, and also discuss pricing
and analysis of profit.

Syllabus

According to the syllabus, the exam is 3 hours and will consist of 60 points of written answer questions. The topics
this exam will cover are:

1. Multistate models

2. Multiple decrement models

3. Multiple life models

4. Pensions

5. Profit tests

The textbook for the course is Actuarial Mathematics for Life Contingent Risks third edition. This is a college-style
textbook. It is oriented towards practical application rather than exam preparation. Almost all exercises require use
of spreadsheets or derivation of formulas. The syllabus also includes a study note on variable annuities.

The syllabus splits the material into 7 topics, with the following weights:

Topic Weight Lessons in this manual
Multiple State Survival Models 10–20% 3–4, 7–12
Multiple State Insurances and Annuities 12–20% 2, 5–6, 13
Joint Life Insurance and Annuities 8–16% 15–22
Profit Analysis 10–20% 27–28
Pension Plans and Retirement Benefits 10–18% 24–26
Universal Life Insurance 10–18% 29
Embedded Options in Life Insurance and Annuity Products 10–18% 30–35

Based on the Spring 2023 exam, it appears that each exam will have six questions, each one about 10 points.
Thus at least one of the topics will not appear, unless a single question spans two topics. On the Spring 2023 exam,
the two Markov chain questions spanned the first two topics in the list above, and the UL question had some Profit
Analysis in it. The other topics were covered by one question apiece.

Here is the distribution of number of questions by topic on MLC and LTAM exams, based on the organization
of this manual, for the Spring 2012 through Fall 2013 exams, and the points per topic for the 2014 and later exams.
Note that each question is classified based on the highest lesson required for it, so a question involving an asset share
on universal life (there was one such question) would be classified as a universal life question. (Asset shares are not
on the current ALTAM syllabus.) Thus a 0 does not indicate no questions on the topic on the exam. For example,
the Fall 2016 exam had a question involving interest rate models (a topic not on the ALTAM syllabus) applied to a
multiple-life insurance, even though the table shows 0 for multiple life models.
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xii PREFACE

Questions Points
MLC MLC LTAM

Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Spr Fall Fall Spr
Topic Lessons 12 12 13 13 14 14 15 15 16 16 17 17 18 18 19 19 20 20 21 21A 21B 22

Thiele’s equation 2 1 1 0 0 0 0 0 0 0 0 2 0 2 0 0 0 0 2 0 0 2 0
Markov chains 3–6 3 3 3 3 9 12 15 6 16 7 14 4 13 14 16 21 18 6 22 15 15 18
Multi-decrement

models 8–14 2 1 2 0 2 2 6 8 0 9 4 11 0 2 2 6 12 4 2 2 6 2
Multiple life mod-

els 15–23 2 2 2 1 7 8 2 11 2 0 9 9 12 4 13 10 12 14 27 9 5 12
Retirement benefits 24–26 1 0 1 1 11 11 8 6 15 14 13 11 13 14 12 4 12 12 12 14 10 13
Profit tests 27–29 5 4 3 2 20 26 13 26 18 16 20 10 6 6 8 9 8 4 2 17 16 12
Total 13 11 11 7 49 59 44 57 51 46 62 45 46 40 51 48 62 42 40 57 54 57

In this table, only topics on the ALTAM syllabus are included, so total questions and points are not the total
points on the exam. Total was 30 questions for Spring 2012, 25 questions for Fall 2012–Fall 2013, 96 points for all
exams Spring 2014 and later. Also, Lessons 30–35 are new for ALTAM. And LTAM did not have Universal Life in its
syllabus, although MLC did.

As you can see in this table, weights on the topics have varied. Weights can vary significantly since written
answer questions have heavy weights and cover different topics in different years.

Other downloads from the SOA site

The introductory study note is at

https://www.soa.org/globalassets/assets/files/edu/2023/2023-07-altam-notation-term.pdf

You will receive the life tables as a worksheet at the exam. It is at

https://www.soa.org/globalassets/assets/files/edu/2023/2023-07-altam-excel-workbook-tables.xlsx

You may use this worksheet to obtain normal functions if needed. You may also use the worksheet to do your
calculations, as long as you explain what you did. This worksheet will have most of the functions of Excel, but will
not have VBA or Solver. It appears that you will not be asked questions requiring heavy mathematical calculation
that can only be done on a spreadsheet.

Another set of tables, the tables from the former MLC, will be useful if you wish to work on old exam questions
that use the Illustrative Life Table. You can find them at

https://www.soa.org/Files/Edu/edu-2013-mlc-tables.pdf

However, I have converted all pre-2012 exam questions to use the Standard Ultimate Life Table, and the SOA
converted questions from 2012 and later when they incorporated them in their sample questions. So it is unlikely
you’ll need the Illustrative Life Table.

In addition to the tables, you will get the following formula sheet:

https://www.soa.org/globalassets/assets/files/edu/2023/2023-07-altam-formula-sheet.pdf

Thus you need not memorize Woolhouse’s formula or the Black-Scholes put option formula.
The notation and terminology study note is at

https://www.soa.org/globalassets/assets/files/edu/2023/2023-07-altam-notation-term.pdf

This manual follows the conventions of this note, but after you’ve finished the manual, you may want to read through
this note.
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PREFACE xiii

Sample questions

The SOA’s sample questions are at

https:
//www.soa.org/globalassets/assets/files/edu/2023/spring/2023-07-altam-sample-questions.pdf

and their solutions are at

https:
//www.soa.org/globalassets/assets/files/edu/2023/spring/2023-07-altam-sample-solutions.pdf

These questions are mostly from old exams, but some have been modified. This manual has solutions to old exam
questions in Appendix B, but those solutions are to unmodified questions. For questions that used the Illustrative
Life Tables, those solutions would be different. But for questions that merely modified terminology (e.g. replacing
“reserve” with “policy value”) they may be the same.

At the end of each lesson there is a list of relevant sample questions. Most sample questions cover several lessons;
the reference to the sample question is at the end of the last lesson covered by the question.

Exercises and old exam questions in this manual

There are about 440 original exercises in the manual and about 260 old exam questions. Even though the exam is
written answer, I have retained these short answer and multiple choice questions. You will get a lot of good practice
doing these questions; they are not a waste of time, even though written answer questions are less tricky and can
potentially ask you for things that multiple choice questions can’t, like deriving formulas.

The old exam questions come from old Course 150, 2000-syllabus Exam 3, Exam M, and Exam MLC. However,
very few questions from the 2012 and later MLC exams are given in the exercises, so you may use those exams or the
SOA sample questions as final practice. I’ve left references to the LTAM sample questions at the ends of the lessons.

SOA Course 150 from 1987 through 1991 had multiple choice questions in the morning and written answer
questions in the afternoon. Since ALTAM consists of written answer questions, I’ve included all applicable written
answer questions in the exercises.

Back in 1999, the CAS and SOA created a sample exam for the then-new 2000 syllabus. This exam had some
questions from previous exams but also some new questions, some of them not multiple choice. This sample exam
was never a real exam, and some of its questions were defective. This sample exam is no longer available on the
web. I have included appropriate questions from it. Whenever an exercise is labeled 1999 C3 Sample, it refers to the 1999
sample, not the current list of sample questions.

Questions from old exams are marked xxx:yy, where xxx is the time the exam was given, with S for spring and
F for fall followed by a 2-digit year, and yy is the question number. There was a period in the 1990s when the SOA,
while it allowed use of its old exam questions, did not want people to reveal which exam they came from. As a
result, I sometimes had study notes for old exams in this period and could not identify the exam they came from.
In such a case, I mark the question aaa-bb-cc:yy, where aaa-bb-cc is the study note number and yy is the question
number. Generally aaa is the exam number (like 150), and cc is the 2-digit year the study note was published.

Study schedule

Although this manual is large, much of it is exercises and practice exams. You do not have to do every exercise; do
enough to gain confidence with the material. With intense studying, you should be able to cover all the material in
3 months.

It is up to you to set up a study schedule. Different students will have different speeds and different constraints,
so it’s hard to create a study schedule useful for everybody. However, I offer a sample 10.5-week study schedule,
Table 1, as a guide. This study schedule omits the first lesson. which is review.

The study schedule lists lessons that are either long or hard, as well as those that are short or easy or just
background, so that you may better allocate your study time within the study periods provided for each subject.
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Table 1: 10.5 Week Study Schedule for Exam ALTAM

Subject Lessons Study Period Hard/Long Lessons Easy/Short Lessons
Thiele’s Equation 2 1 day
Markov Chains 3–7 2 weeks 6
Multiple Decrements 8–13 1 week 11 10
Multiple Lives 15–22 1.5 weeks 15,18
Pension 24–26 2 weeks
Profit Tests—Traditional 27–28 1 week 28
Universal Life 29 0.5 weeks
Variable Life 30–35 1.5 weeks
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Errata

Please report all errors you find in these notes to the author. You may send them to the publisher at mail@
studymanuals.com or directly to me at errata@aceyourexams.net. Please identify the manual and edition the error
is in. This is the 2nd edition of the SOA Exam ALTAM manual.

An errata list will be posted at errata.aceyourexams.net. Check this errata list frequently.

Flashcards

Many students find flashcards a useful tool for learning key formulas and concepts. ASM flashcards, available from
the same distributors that sell this manual, contain the formulas and concepts from this manual in a convenient
deck of cards. The cards have cross references, usually by page, to the manual.
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Lesson 2

Thiele’s differential equation

Reading: Actuarial Mathematics for Life Contingent Risks 3rd edition 7.4

Thiele’s differential equation is a version of the policy value recursion for fully continuous insurances or annuities1

with continuous premiums. The formula is

d
d𝑡 𝑡𝑉 = 𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡

Thiele’s differential equation

(2.1)

A proof is provided in a sidebar. Know this equation well, since on exams you may be asked to state it. Intuitively,
the equation says that the policy value increases at the rate of interest, and with premiums minus expenses, minus
mortality benefits based on the net amount at risk.

Usually the equation doesn’t have a closed form solution. It can be solved numerically using Euler’s method.
Namely, the derivative is the limit as ℎ → 0 of a difference quotient:

d
d𝑡 𝑡𝑉 = lim

ℎ→0
𝑡+ℎ𝑉 − 𝑡𝑉

ℎ

Euler’s numerical method uses the difference quotient as an approximation to the derivative in Thiele’s equation.
In other words,

d
d𝑡 𝑡𝑉 ≈ 𝑡+ℎ𝑉 − 𝑡𝑉

ℎ

Plug in this expression for the derivative into equation (2.1) to obtain

𝑡+ℎ𝑉 − 𝑡𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡

)
(2.2)

Notice that this formula is slightly different from the discrete counterpart, equation (1.57), in that the net amount
of risk is the face amount minus the beginning policy value, whereas in the discrete case the end-of-year policy value
was subtracted from the face amount. In the continuous case, beginning of period and end of period are the same,
but in the approximation the period length is ℎ so they’re not quite the same. This causes a slight difference in the
resulting recursive formula.

Solving for 𝑡𝑉 , we get the following equation

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ (𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡)𝜇[𝑥]+𝑡

)
1 + ℎ(𝜇[𝑥]+𝑡 + 𝛿) (2.3)

The way we have done it is the way Actuarial Mathematics for Life Contingent Risks works out its examples. We use
the derivative at time 𝑡 to relate 𝑡𝑉 to 𝑡+ℎ𝑉 , or equivalently, we use the derivative at time 𝑡 − ℎ to relate 𝑡−ℎ𝑉 to 𝑡𝑉 .
This method is called the Forward Euler Approximation, since it expresses the derivative at time 𝑡 in terms of values at
times 𝑡 and 𝑡 + ℎ. An alternative method would be to use the derivative at time 𝑡 to relate 𝑡−ℎ𝑉 to 𝑡𝑉 . In other words,
start with the following approximation:

d
d𝑡 𝑡𝑉 ≈ 𝑡𝑉 − 𝑡−ℎ𝑉

ℎ

1Actuarial Mathematics for Life Contingent Risks does not apply the formula to annuities, but it could be applied by treating the annuity
payments as negative premiums and setting the face amount equal to zero.
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10 2. THIELE’S DIFFERENTIAL EQUATION

Proof of Thiele’s Differential Equation

Let 𝜋𝑡 be the net premium at time 𝑡. It suffices to prove the equation for net premium policy values, since if it is
true for net premium policy values, replacing 𝜋𝑡 with 𝐺𝑡 − 𝑒𝑡 and 𝑏𝑡 with 𝑏𝑡 + 𝐸𝑡 yields the gross premium policy
value formula. Let 𝑣(𝑡) be the discount factor for cash flows at time 𝑡:

𝑣(𝑡) = exp
(
−

∫ 𝑡

0
𝛿𝑡 d𝑡

)
The policy value at time 𝑡 is the expected present value of future benefits minus the expected present value of
future premiums, or

𝑡𝑉 =

∫ ∞

0
𝑏𝑡+𝑢

𝑣(𝑡 + 𝑢)
𝑣(𝑡) 𝑢𝑝𝑥+𝑡 𝜇𝑥+𝑡+𝑢 d𝑢 −

∫ ∞

0
𝜋𝑡+𝑢

𝑣(𝑡 + 𝑢)
𝑣(𝑡) 𝑢𝑝𝑥+𝑡 d𝑢

and setting 𝑠 = 𝑡 + 𝑢 and using 𝑢𝑝𝑥+𝑡 = 𝑡+𝑢𝑝𝑥/𝑡𝑝𝑥 ,

𝑡𝑉 =
1

𝑣(𝑡) 𝑡𝑝𝑥

(∫ ∞

𝑡

𝑏𝑠 𝑣(𝑠) 𝑠𝑝𝑥 𝜇𝑥+𝑠 d𝑠 −
∫ ∞

𝑡

𝜋𝑠 𝑣(𝑠) 𝑠𝑝𝑥 d𝑠
)

𝑣(𝑡) 𝑡𝑝𝑥 𝑡𝑉 =

∫ ∞

𝑡

𝑏𝑠 𝑣(𝑠) 𝑠𝑝𝑥 𝜇𝑥+𝑠 d𝑠 −
∫ ∞

𝑡

𝜋𝑠 𝑣(𝑠) 𝑠𝑝𝑥 d𝑠 (*)

We differentiate both sides with respect to 𝑡. On the right side, the derivative of an integral with 𝑡 as the lower
bound is negative the integrand, so we get

𝑣(𝑡) 𝑡𝑝𝑥(𝜋𝑡 − 𝑏𝑡 𝜇𝑥+𝑡) (**)

To differentiate the left side, a product of three factors, it is easier to use logarithmic differentiation. Remember
that

d ln 𝑓 (𝑡)
d𝑡 =

d 𝑓 (𝑡)/d𝑡
𝑓 (𝑡)

so
d 𝑓 (𝑡)

d𝑡 = 𝑓 (𝑡)d ln 𝑓 (𝑡)
d𝑡

The logarithm of the left side is

ln 𝑣(𝑡) + ln 𝑡𝑝𝑥 + ln 𝑡𝑉 = ln exp
(
−

∫ 𝑡

0
𝛿𝑢 d𝑢

)
+ ln exp

(
−

∫ 𝑡

0
𝜇𝑥+𝑢 d𝑢

)
+ ln 𝑡𝑉

= −
∫ 𝑡

0
(𝛿𝑢 + 𝜇𝑥+𝑢)d𝑢 + ln 𝑡𝑉

The derivative of an integral with 𝑡 at the upper bound is the integrand, so the derivative equals

−𝛿𝑡 − 𝜇𝑥+𝑡 + d ln 𝑡𝑉

d𝑡

and by logarithmic differentiation,
d ln 𝑡𝑉

d𝑡 =
d𝑡𝑉/d𝑡

𝑡𝑉

The derivative of the left side of (*) is therefore

𝑣(𝑡) 𝑡𝑝𝑥 𝑡𝑉
(
−𝛿𝑡 − 𝜇𝑥+𝑡 + d𝑡𝑉/d𝑡

𝑡𝑉

)
= 𝑣(𝑡) 𝑡𝑝𝑥

(
d𝑡𝑉
d𝑡 − 𝑡𝑉(𝜇𝑥+𝑡 + 𝛿𝑡)

)
SOA ALTAM Study Manual—2nd edition
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2. THIELE’S DIFFERENTIAL EQUATION 11

Equating this to (**) and canceling 𝑣(𝑡) 𝑡𝑝𝑥 from both sides:

d𝑡𝑉
d𝑡 − 𝑡𝑉(𝜇𝑥+𝑡 + 𝛿𝑡) = 𝜋𝑡 − 𝑏𝑡 𝜇𝑥+𝑡

d𝑡𝑉
d𝑡 = 𝛿𝑡 𝑡𝑉 + 𝜋𝑡 − 𝜇𝑥+𝑡(𝑏𝑡 − 𝑡𝑉)

which is Thiele’s equation.

This approximation is called the Backward Euler Approximation, since it expresses the derivative at time 𝑡 in
terms of values at times 𝑡 and 𝑡 − ℎ. Plugging this into equation (2.1)

𝑡𝑉 − 𝑡−ℎ𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡

)
(2.4)

Solving for 𝑡−ℎ𝑉 , we get

𝑡−ℎ𝑉 = 𝑡𝑉
(
1 − ℎ(𝜇[𝑥]+𝑡 + 𝛿)) + ℎ (−𝐺𝑡 + 𝑒𝑡 + (𝑏𝑡 + 𝐸𝑡)𝜇[𝑥]+𝑡

)
(2.5)

To use equations (2.3) or (2.5), start with the maturity/expiry date. At that time, the policy value is 0 for term
insurance and the pure endowment value for endowment insurance; whole life can be treated as an endowment
insurance maturing at a high age. Then work backwards, using a small value of ℎ.

For net premium policy values, the expense terms would be omitted and 𝐺𝑡 would be the net premium.
The two alternative equations lead to different results. Which one should be used? The exam will state which

derivatives to use. Notice that equation (2.3) uses the derivative at time 𝑡 to go from 𝑡 + ℎ to 𝑡; in other words, the
derivative at the bottom of the interval is used. On the other hand, equation (2.5) uses the derivative at time 𝑡 to go
from 𝑡 to 𝑡 − ℎ; in other words, the derivative at the top of the interval is used.

If it is not stated which derivatives to use, use equation (2.3), since that’s what the textbook uses.

Example 2A For a fully continuous whole life insurance of 1000 on (50), you are given
(i) Mortality is uniformly distributed with 𝜔 = 100.

(ii) 𝛿 = 0.05
Calculate the net premium policy value at times 25 and 26. Then use the Euler approximation of Thiele’s equation

with steps of ℎ = 0.25 to calculate the net premium policy value at time 25 from the one at 26. Do this two ways:

1. Using derivatives at 25.75, 25.5, 25.25, and 25.

2. Using derivatives at 26, 25.75, 25.5, and 25.25.

Solution: The exact policy values, computed with the insurance ratio formula, are

𝐴̄50 =
1 − 𝑒−0.05(50)

0.05(50) = 0.367166

𝐴̄75 =
1 − 𝑒−0.05(25)

0.05(25) = 0.570796

𝐴̄76 =
1 − 𝑒−0.05(24)

0.05(24) = 0.582338

25𝑉 = 1000
(
0.570796 − 0.367166

1 − 0.367166

)
= 321.775

26𝑉 = 1000
(
0.582338 − 0.367166

1 − 0.367166

)
= 340.014

For the approximation, the premium is

𝑃 = 1000
(
𝛿𝐴̄50

1 − 𝐴̄50

)
= 29.010
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12 2. THIELE’S DIFFERENTIAL EQUATION

and the 𝜇’s are 1/(50 − 𝑥) for 𝑥 = 25, 25.25, 25.5, 25.75. To use derivatives at 25.75, 25.5, 25.25, and 25, we use
equation (2.3),

25.75𝑉 =
340.014 − 0.25

(
29.010 − 1000/24.25)

1 + 0.25(0.05 + 1/24.25) = 335.4201

25.5𝑉 =
335.4201 − 0.25

(
29.010 − 1000/24.5)

1 + 0.25(0.05 + 1/24.5) = 330.8598

25.25𝑉 =
330.8598 − 0.25

(
29.010 − 1000/24.75)

1 + 0.25(0.05 + 1/24.75) = 326.3329

25𝑉 =
326.3329 − 0.25

(
29.010 − 1000/25)

1 + 0.25(0.05 + 1/25) = 321.839

which is about 6 cents too high. Greater accuracy could be achieved by using a smaller step.
To use derivatives at 26, 25.75, 25.5, and 25.25, we use equation (2.5).

25.75𝑉 = 340.014
(
1 − 0.25(1/24 + 0.05)) + 0.25(−29.010 + 1000/24) = 335.3859

25.5𝑉 = 335.3859
(
1 − 0.25(1/24.25 + 0.05)) + 0.25(−29.010 + 1000/24.25) = 330.7928

25.25𝑉 = 330.7928
(
1 − 0.25(1/24.5 + 0.05)) + 0.25(−29.010 + 1000/24.5) = 326.2341

25𝑉 = 326.2341
(
1 − 0.25(1/24.75 + 0.05)) + 0.25(−29.010 + 1000/24.75) = 321.710

In this case, the answer is about 7 cents too low. □

Table 2.1: Summary of formulas and concepts in this lesson

Thiele’s differential equation

d
d𝑡 𝑡𝑉 = 𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡 (2.1)

Numerical solutions with Euler’s method:
Using derivatives at the lower end of each interval to go from 𝑡 + ℎ to 𝑡:

𝑡+ℎ𝑉 − 𝑡𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡

)
(2.2)

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ (𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡)𝜇[𝑥]+𝑡

)
1 + ℎ(𝜇[𝑥]+𝑡 + 𝛿) (2.3)

Using derivatives at the upper end of each interval to go from 𝑡 to 𝑡 − ℎ:

𝑡𝑉 − 𝑡−ℎ𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)𝜇[𝑥]+𝑡

)
(2.4)

𝑡−ℎ𝑉 = 𝑡𝑉
(
1 − ℎ(𝜇[𝑥]+𝑡 + 𝛿)) + ℎ (−𝐺𝑡 + 𝑒𝑡 + (𝑏𝑡 + 𝐸𝑡)𝜇[𝑥]+𝑡

)
(2.5)
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EXERCISES FOR LESSON 2 13

Exercises

2.1. [150-F88:A5](6 points) 𝑍 is the present-value random variable for a whole life insurance of 1 payable at
the moment of death of (𝑥).
(a) Write an expression for 𝑍.
(b) Using E[𝑍] = E[𝑍 | 𝑇 ≤ ℎ]Pr(𝑇 ≤ ℎ) + E[𝑍 | 𝑇 > ℎ]Pr(𝑇 > ℎ), demonstrate that

𝐴̄𝑥 =

(∫ ℎ

0

𝑣𝑡 𝑡𝑝𝑥 𝜇𝑥+𝑡 d𝑡
ℎ𝑞𝑥

)
ℎ𝑞𝑥 + 𝑣ℎ ℎ𝑝𝑥 𝐴̄𝑥+ℎ

(c) Using
d𝐴̄𝑥
d𝑥 = lim

ℎ→0

𝐴̄𝑥+ℎ − 𝐴̄𝑥
ℎ

demonstrate that
d𝐴̄𝑥
d𝑥 = (𝜇𝑥 + 𝛿)𝐴̄𝑥 − 𝜇𝑥

2.2. For a fully continuous whole life insurance of 1000 on (40):

(i) Gross premiums are paid at a rate of 20 per year.
(ii) Initial expenses are 70% of premium plus 5

(iii) Expenses payable every year including the first are 6% of premium plus 0.4, payable continuously.
(iv) Settlement expenses are 15.
(v) 𝛿 = 0.04

(vi) 𝜇50 = 0.005
(vii) 10𝑉

𝑔 = 122

Calculate the derivative of the gross premium policy value at time 10.

2.3. For a fully continuous 10-year deferred whole life insurance on (55) of 100,000:

(i) Net premiums are payable for the first 10 years only.
(ii) Net premiums are 4800.

(iii) 5𝑉 = 32,000
(iv) d

d𝑡 𝑡𝑉 = 6240 at time 5.
(v) 𝜇60 = 0.0032

Determine 𝛿.

2.4. For a fully continuous 30-year term insurance on (25) of 100,000:

(i) Net premiums are paid at a rate of 700 per year.
(ii) 𝛿 = 0.06

(iii) 𝜇40 = 0.008
(iv) d

d𝑡 𝑡𝑉 = −4.80 at time 15.

Determine the net premium policy value at time 15.
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14 2. THIELE’S DIFFERENTIAL EQUATION

2.5. For a fully continuous 20-year endowment insurance of 1000 on (45):

(i) The annual gross premium is 40.
(ii) Expenses are 5% of the gross premium.

(iii) 𝜇𝑥 = 0.002(1.01𝑥)
(iv) 𝛿 = 0.05

Using Euler’s method with step 0.1 to numerically solve Thiele’s differential equation, with derivatives at
times 19.9 and 19.8, approximate 19.8𝑉 .

2.6. For a fully continuous 10-year term insurance of 100,000 on (55):

(i) The annual gross premium is 250.
(ii) Expenses are 3% of the gross premium, plus settlement expenses of 100.

(iii) 𝜇𝑥 = 0.001(1.015𝑥)
(iv) 𝛿 = 0.04

Using Euler’s method with step 0.1 to numerically solve Thiele’s differential equation, with derivatives at
times 9.9 and 9.8, approximate 9.8𝑉 .

2.7. For a fully continuous 20-year deferred whole life insurance of 10,000 on (45):

(i) 𝐴̄65 = 0.25821
(ii) The annual net premium is 71.25, and is payable for 20 years.

(iii) 𝜇𝑥 = 0.00015(1.06𝑥)
(iv) 𝛿 = 0.05

Using Euler’s method with step 0.5 to numerically solve Thiele’s differential equation, with derivatives at
times 19.5 and 19, approximate 19𝑉 .

2.8. For a fully continuous 20-year endowment insurance of 10,000 on (45):

(i) The annual net premium is 359.76.
(ii) 𝜇𝑥 = 0.0002(1.065𝑥)

(iii) 𝛿 = 0.04

Using Euler’s method with step 0.5 to numerically solve Thiele’s differential equation, with derivatives at
times 20 and 19.5, approximate 19𝑉 .
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2.9. For a special 20-year term life insurance of 10,000 on (40), you are given:

(i) The death benefit is payable at the moment of death.
(ii) During the 5th year the gross premium is 150 paid continuously at a constant rate

(iii) The force of mortality follows Gompertz’s law 𝜇𝑥 = 𝐵𝑐𝑥 with 𝐵 = 0.00004 and 𝑐 = 1.1.
(iv) The force of interest is 4%.
(v) Expenses are:

• 5% of premium payable continuously
• 100 payable at the moment of death

(vi) At the end of the 5th year the expected value of the present value of future losses random variable
is 1000.

Euler’s method with steps of ℎ = 0.25 years is used to calculate a numerical solution to Thiele’s differential
equation.

Calculate the expected value of the present value of future losses random variable at the end of 4.5 years.

(A) 975 (B) 962 (C) 949 (D) 936 (E) 923

2.10. For a 5-year warranty on Kira’s new cell phone, you are given:

(i) The warranty pays 100 at the moment of breakage, if the phone breaks. The warranty only pays for
one breakage.

(ii) If the phone has not broken, the warranty pays 100 at the end of 5 years.
(iii) Premiums of 𝐺 are payable continuously at an annual rate of 25 until the phone breaks.
(iv) The force of breakage for this phone is 𝜇𝑡 = 0.02𝑡, 𝑡 ≥ 0.
(v) 𝛿 = 0.05

(vi) 𝑡𝑉 denotes the gross premium policy value at time 𝑡 for this warranty.
(vii) At the end of year 4, Kira’s cell phone has not broken.

(viii) You approximate 4𝑉 using Euler’s method, with step size ℎ = 0.5 and using the derivatives of 𝑡𝑉 at
times 4.0 and 4.5.

Calculate your approximation of 4𝑉 using this methodology.

(A) 71.0 (B) 71.4 (C) 71.9 (D) 72.4 (E) 72.8

2.11. For a 5-year warranty on Kira’s new cell phone, you are given:

(i) The warranty pays 100 at the moment of breakage, if the phone breaks. The warranty only pays for
one breakage.

(ii) If the phone has not broken, the warranty pays 100 at the end of 5 years.
(iii) Premiums of 𝐺 are payable continuously at an annual rate of 25 until the phone breaks.
(iv) The force of breakage for this phone is 𝜇𝑡 = 0.02𝑡, 𝑡 ≥ 0.
(v) 𝛿 = 0.05

(vi) 𝑡𝑉 denotes the gross premium policy value at time 𝑡 for this warranty.
(vii) At the end of year 4, Kira’s cell phone has not broken.

(viii) You approximate 4𝑉 using Euler’s method, with step size ℎ = 0.5 and using the derivatives of 𝑡𝑉 at
times 4.5 and 5.0.

Calculate your approximation of 4𝑉 using this methodology.

(A) 71.0 (B) 71.4 (C) 71.9 (D) 72.4 (E) 72.8
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16 2. THIELE’S DIFFERENTIAL EQUATION

2.12. [150-S90:A2] For a fully discrete life insurance of 1 on (𝑥), 𝑘+𝑡𝑉 is the policy value at duration 𝑘 + 𝑡, where
𝑘 is an integer and 0 < 𝑡 < 1, and 𝑏𝑘+1 is the benefit payable at time 𝑘 + 1 for death in year 𝑘 + 1. Deaths are
uniformly distributed over each year of age.

(a) (1 point) Use the survival function, 𝑆(𝑥), to demonstrate that

1−𝑡𝑞𝑥+𝑘+𝑡 =
(1 − 𝑡)𝑞𝑥+𝑘
1 − 𝑡𝑞𝑥+𝑘

(b) (4 points) Use the prospective policy value formula

𝑘+𝑡𝑉 = (𝑏𝑘+1)(𝑣1−𝑡)(1−𝑡𝑞𝑥+𝑘+𝑡) + (𝑘+1𝑉)(𝑣1−𝑡)(1−𝑡𝑝𝑥+𝑘+𝑡)
to demonstrate that

𝑘+𝑡𝑉 =
𝑣1−𝑡

1 − 𝑡𝑞𝑥+𝑘
((1 − 𝑡)(𝑘𝑉 + 𝜋𝑘)(1 + 𝑖) + (𝑡)(𝑘+1𝑉)(𝑝𝑥+𝑘)

)
Additional old SOA Exam MLC questions: S12:21, F12:6, S17:10, S18:15

Additional old SOA Exam LTAM questions: F20:20, F21-B:15

Solutions

2.1. (a) 𝑍 = 𝑣𝑇 .

(b) For E[𝑍 | 𝑇 ≤ ℎ], the numerator of the conditional expectation is 𝑣𝑡 times the conditional density function,
which here is 𝑡𝑝𝑥 𝜇𝑥+𝑡/ℎ𝑞𝑥 if 𝑡 ≤ ℎ, 0 otherwise. So we get the parenthesized integral for E[𝑍 | 𝑇 ≤ ℎ]. Then
Pr(𝑇 ≤ ℎ) = ℎ𝑞𝑥 and Pr(𝑇 > ℎ) = ℎ𝑝𝑥 . The conditional density function for 𝑍 | 𝑇 > ℎ is 𝑡𝑝𝑥 𝜇𝑥+𝑡/ℎ𝑝𝑥 for 𝑡 > ℎ, 0
otherwise. So

E[𝑍 | 𝑇 > ℎ] =
∫ ∞

ℎ

𝑣𝑡
𝑡𝑝𝑥

ℎ𝑝𝑥
𝜇𝑥+𝑡 d𝑡

But 𝑡𝑝𝑥/ℎ𝑝𝑥 = 𝑡−ℎ𝑝𝑥+ℎ , so the integral becomes∫ ∞

ℎ

𝑣𝑡 𝑡−ℎ𝑝𝑥+𝑡 𝜇𝑥+𝑡d𝑡 =
∫ ∞

0
𝑣ℎ+𝑡

′
𝑡′𝑝𝑥+ℎ 𝜇𝑥+ℎ+𝑡′ d𝑡′

where we changed the variable 𝑡′ = 𝑡 − ℎ. Factor out 𝑣ℎ and the rest of the integral is 𝐴̄𝑥+ℎ . This gets us the
expression for 𝐴̄𝑥 given in the question.

(c) From (b), the numerator of the limit expression is

𝐴̄𝑥+ℎ − 𝐴̄𝑥 = 𝐴̄𝑥+ℎ(1 − 𝑣ℎ ℎ𝑝𝑥) −
∫ ℎ

0
𝑣𝑡 𝑡𝑝𝑥 𝜇𝑥+𝑡 d𝑡

Divide through by ℎ and calculate the limit of each of two terms. The limit of the first term is the product of
the limit of 𝐴̄𝑥+ℎ , which is 𝐴̄𝑥 , and the limit of (1 − 𝑣ℎ ℎ𝑝𝑥)/ℎ.

lim
ℎ→0

1 − 𝑣ℎ ℎ𝑝𝑥
ℎ

= lim
ℎ→0

𝑣0
0𝑝𝑥 − 𝑣ℎ ℎ𝑝𝑥

ℎ

= − d
dℎ 𝑣

ℎ
ℎ𝑝𝑥 evaluated at ℎ = 0

= − d
dℎ 𝑒

−ℎ(𝛿+
∫ ℎ

0 𝜇𝑥+𝑢d𝑢) evaluated at ℎ = 0
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= 𝛿 + 𝜇𝑥

For the second term, the derivative of the integral is the function evaluated at ℎ, or 𝑣ℎ ℎ𝑝𝑥 𝜇𝑥+ℎ , which goes to
𝜇𝑥 . So the limit is 𝐴̄𝑥(𝛿 + 𝜇𝑥) − 𝜇𝑥 .
This is a special case of Thiele’s equation for a single-premium policy.

2.2. By Thiele’s equation,

d
d𝑡 10𝑉 = 0.04(122) + (20 − 0.06(20) − 0.4) − (1000 + 15 − 122)(0.005) = 18.815

2.3. By the form of Thiele’s equation for net premium policy values,

d
d𝑡 5𝑉 = 𝛿 5𝑉 + 𝑃5 − (𝑏5 − 5𝑉)𝜇60

Because the policy is in the deferral period, 𝑏5 = 0.

6240 = 4800 + 32,000𝛿 + 0.0032(32,000)
𝛿 =

6240 − 0.0032(32,000) − 4800
32,000 = 0.0418

2.4. By Thiele’s equation

d
d𝑡 15𝑉 = 𝛿 15𝑉 + 𝑃15 − (𝑏15 − 15𝑉)𝜇40

−4.80 = 0.06 15𝑉 + 700 − (100,000 − 15𝑉)(0.008)
15𝑉 =

−4.80 − 700 + 800
0.06 + 0.008 = 1400

2.5. Use equation (2.3) twice.

𝜇64.9 = 0.002(1.0164.9) = 0.003815

19.9𝑉 =
1000 − 0.1

(
40 − 2 − 1000(0.003815))

1 + 0.1(0.003815 + 0.05) = 991.2471

𝜇64.8 = 0.002(1.0164.8) = 0.003811

19.8𝑉 =
991.2471 − 0.1

(
40 − 2 − 1000(0.003811))

1 + 0.1(0.003811 + 0.05) = 982.54

2.6. Use equation (2.3) twice.

𝜇64.9 = 0.001(1.01564.9) = 0.002628

9.9𝑉 =
−0.1

(
250 − 7.5 − 100,100(0.002628))
1 + 0.1(0.04 + 0.002628) = 2.048805

𝜇64.8 = 0.001(1.01564.8) = 0.002624

9.8𝑉 =
2.048805 − 0.1

(
250 − 7.5 − 100,100(0.002624))

1 + 0.1(0.04 + 0.002624) = 4.0499
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Practice Exam 1

1. (10 points) A disability insurance is modeled with a 4-state Markov chain having the following states:
0: Healthy
1: Disabled
2: Surrendered
3: Dead

Nonzero forces of transition for 𝑥 < 150, where 𝑥 is age, are

𝜇01
𝑥 =

0.5
150 − 𝑥

𝜇02
𝑥 =

0.4
150 − 𝑥

𝜇03
𝑥 =

0.1
150 − 𝑥

𝜇13
𝑥 = 0.05

As a result of these forces of transition,

𝑡𝑝
00
𝑥 =

150 − 𝑥 − 𝑡
150 − 𝑥 0 ≤ 𝑥 < 150

(a) (2 points) Calculate the probability that a person healthy at age 50 will become disabled within 10 years.
(b) (2 points) Calculate the probability that a person healthy at age 50 will be disabled at age 60.
(c) (3 points) A disability insurance pays 40,000 per year continuously while an individual is disabled until

the individual’s 70th birthday.
Calculate the actuarial present value at 𝛿 = 0.05 of a policy sold to a healthy individual age 50.

(d) (3 points) A disability insurance pays 40,000 per year continuously while an individual is disabled until
the individual’s 70th birthday. Benefits are subject to a 6 month waiting period.
Calculate the actuarial present value at 𝛿 = 0.05 of a policy sold to a healthy individual age 50.
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2. (8 points) An individual age 𝑥 is subject to a serious disease. The individual’s status is modeled using
these three states;

0: Healthy
1: Diseased
2: Dead

Forces of transition between states are

𝜇01
𝑡 = 0.02 𝜇02

𝑡 = 0.01 𝜇10
𝑡 = 0.20 𝜇12

𝑡 = 0.35

The effective annual rate of interest is 0.05.
Use Euler’s method with step 0.5 to solve Kolmogorov’s forward equations for the state probabilities for

the first two years.

(a) (2 points) Using approximate probabilities, calculate ¥𝑎(2)00
𝑥:2 .

(b) (2 points) Using Woolhouse’s formula to two terms, calculate ¥𝑎(12)00
𝑥:2 .

Forces of transition for the first two years are estimated assuming constant forces of transition within each
year, and using the following data:

• 92 lives in state 0 remained in state 0 for 2 years.
• 2 lives in state 0 died, one at time 0.8 and one at time 1.5.
• 3 lives in state 0 moved to state 1 at times 0.8, 1.2, 1.6. They all stayed there to time 2.
• 8 lives in state 1 remained in state 1 for 2 years.
• 2 lives in state 1 moved to state 0, one at time 0.4 and one at time 1.8. They all stayed there to time 2.
• 4 lives in state 1 died at times 0.3, 0.6, 1.2, 1.7

(c) (2 points)
(i) Estimate 𝜇01

𝑥 and 𝜇01
𝑥+1.

(ii) Estimate the standard deviations of the estimates of 𝜇01
𝑥 and 𝜇01

𝑥+1.
(d) (2 points) Using estimates of the forces of transition, calculate the probability of staying healthy for 2

years.

3. (7 points) A universal life policy on (40) pays a death benefit of 10,000 plus the account value at the end of
the previous year. If death occurs in the first year of the policy, it pays 10,000.

You are given:

(i) Expense charges are 30% of premium plus 50 in the first year, 5% of premium plus 10 in renewal
years.

(ii) COI rate is 𝑞40+𝑡 = 0.006 + 0.001𝑡.
(iii) Interest rate for COI computations is 0.03.
(iv) Interest is credited at 𝑖 = 0.04.

The policyholder pays 200 at the start of each year.

(a) (3 points) Calculate the account values at the ends of the first three years.
(b) (3 points) Calculate the account values at the ends of the first three years for an otherwise similar policy

that pays a death benefit of 10,000 plus the account value at the end of the current year.
(c) (1 point) Explain why the account values in (b) are less than the corresponding account values in (a).
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4. (8 points) For two independent lives:

(i) The first life is subject to a force of accidental death of 0.01 and a force of death due to other causes
of 0.03.

(ii) The second life is subject to a force of accidental death of 0.005 and a force of death due to other
causes of 0.02.

(iii) 𝛿 = 0.04

(a) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the first death if the
death is by accident.

(b) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if the
death is by accident.

(c) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if
both deaths were by accident.

(d) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if
the second life dies second.

5. (6 points) A profit test is performed on a life insurance policy on (50) and (48). The policy pays 10,000 at
the end of the year of the death of the last survivor of the two lives.

For the fifth year of the policy, assuming both lives are alive at the beginning of the year, you are given
the following profit test assumptions:

(i) 𝑞52 = 0.006; 𝑞54 = 0.01; 𝑞52:54 = 0.012
(ii) Premium is 150.

(iii) Expenses are 10.
(iv) Reserve at the beginning of the year is 620.
(v) Reserve at the end of the year is 750 if both are alive, 2012 if only (48) is alive, 2228 if only (50) is

alive.
(vi) There are no surrenders.

(vii) 𝑖 = 0.06

For 1000 such policies with both lives alive at the beginning of the fifth year, the following experience
occurs:

(i) For five policies, only (48) dies. For another seven policies, only (50) dies. There are no policies for
which both die.

(ii) Expenses are 8.
(iii) Interest earned is at a rate of 0.055.

(a) (2 points) Calculate the anticipated profit in the fifth year per policy in force at the beginning of the year,
given that both lives are alive at the beginning of the year.

(b) (2 points) Calculate the fifth year gain per policy in force at the beginning of the year, given that both
lives are alive at the beginning of the year.

(c) (2 points) Assuming that both lives are alive at the beginning of the year, the reserve at the beginning of
the fifth year is changed so that anticipated profit is 0.
Determine the revised reserve.
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6. (9 points) An equity-linked insurance is issued to a life age 60. It matures at age 65. It has the following
features:

(i) No front-end load.
(ii) A management charge of 2% of the fund value, deducted at the beginning of each year.

(iii) A surrender charge of 4%, 3%, 2%, 1% of the fund value in years 1, 2, 3, 4 respectively.

Upon death, the surrender charge is waived. The death benefit is paid at the end of the year.
You are given:

(i) Mortality rate is 𝑞60+𝑡 = 0.006 + 0.001𝑡, 𝑡 = 0, 1, 2, 3, 4.
(ii) Independent surrender rate is 0.03 each year for the first 4 years.

(iii) Surrenders occur at the end of the year.

A single premium of 100,000 is paid.

(a) (1 point) The value of the waiver of the surrender charge may be evaluated as a decreasing insurance at
a certain interest rate.
Determine the interest rate.

(b) (2 points) Calculate the value at issue of the waiver of the surrender charge.

For part (c) only, use the following information:
The company adds a GMMB to the policy. 110% of the fund is paid at maturity.

(c) (2 points) Calculate the value at issue of the GMMB.

For parts (d)–(e) only, use the following information:
The company enhances the GMDB. 120% of the fund is paid at the end of the year of death.

(d) (2 points) Calculate the value at issue of the enhanced GMDB, including the value of the waiver of the
surrender charge.

(e) (2 points) Calculate the portion of the management charge, as a level percentage of the fund value,
needed to fund the GMDB.
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7. (11 points) In a defined contribution plan, the employer and employee each contribute 3% of salary at the
end of each year. You are given:

(i) Salaries increase 4% each year.
(ii) The pension fund earns 5% effective interest each year.

Vera enters the plan at age 30 at 70,000 salary. At retirement at age 65, Vera will convert the fund into a
monthly whole life annuity-due priced with the following assumptions:

• Mortality follows the Standard Ultimate Life Table.
• 𝑖 = 0.05
• Woolhouse’s formula to two terms is used for fractional payments.

(a) (3 points) Calculate the replacement ratio.
(b) (3 points) For this part only, assume that Vera’s salary increases 3% each year for the first 5 years, and

4% each year thereafter.
Calculate the replacement ratio if retirement occurs at age 65.

(c) (3 points) For this part only, assume that the pension fund earns 6% effective interest in all years.
Calculate the replacement ratio if retirement occurs at age 65.

(d) (2 points) Vera dies at age 55. Her husband, age 50, inherits the fund and purchases a monthly whole-life
annuity-due. The assumptions used to calculate the single premium for this annuity are the same as the
assumptions used by Vera.
Calculate the monthly benefit paid by the annuity.

Solutions to the above questions begin on page 731.
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Appendix A. Solutions to the Practice Exams

Practice Exam 1

1. (a) [Section 4.1] ∫ 10

0
𝑡𝑝

00
50 𝜇

01
50+𝑡 d𝑡 =

∫ 10

0

(
100 − 𝑡

100

) (
0.5

100 − 𝑡
)
d𝑡

=

∫ 10

0

0.5 d𝑡
100 = 0.05

(b) [Section 4.1] ∫ 10

0
𝑡𝑝

00
50 𝜇

01
𝑡0+𝑡 10−𝑡𝑝

11
50+𝑡 d𝑡 =

∫ 10

0

(
100 − 𝑡

100

) (
0.5

100 − 𝑡
)
𝑒−0.05(10−𝑡) d𝑡

= 0.005𝑒−0.5
∫ 10

0
𝑒0.05𝑡d𝑡

=
0.005𝑒−0.5

0.05 (𝑒0.5 − 1) = 0.039347

(c) [Section 5.1] The probability of state 1 at time 𝑡 is

𝑡𝑝
01
50 =

∫ 𝑡

0

(
100 − 𝑢

100

) (
0.5

100 − 𝑢
)
𝑒−0.05(𝑡−𝑢) d𝑢

= 0.005𝑒−0.05𝑡
∫ 𝑡

0
𝑒0.05𝑢 d𝑢

= 0.005𝑒−0.05𝑡
(
𝑒0.05𝑡 − 1

0.05

)
= 0.1(1 − 𝑒−0.05𝑡)

Thus the EPV of the disability annuity is∫ 20

0
𝑣𝑡 𝑡𝑝

01
0 d𝑡 = 0.1

∫ 20

0
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= 0.1
(
1 − 𝑒−1

0.05 − 1 − 𝑒−2

0.1

)
= 0.399576

The actuarial present value of the disability insurance is 40,000(0.399576) = 15,983

(d) [Section 6.1] We must use continuous sojourn annuities to account for the waiting period. Since 𝜇13 is constant
and equal to 0.05 and 𝛿 is also 0.05, the EPV of a 6-month deferred annuity at time 𝑡 to time 20 (age 70) in that
state is

0.5| 𝑎̄
11
50+𝑡:19.5−𝑡 = 𝑒−0.5(0.05+0.05) 1 − 𝑒−0.1(19.5−𝑡)

0.05 + 0.05 = 10𝑒−0.05(1 − 𝑒−0.1(19.5−𝑡))
Also
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