http://actuary88.com

Deeper Understanding, Faster Calculation
--Exam P Insights & Shortcuts

20th Edition

by Yufeng Guo

For SOA Exam P/CAS Exam 1

Fall, 2012 Edition

This electronic book is intended for individual buyer use for the sole purpose of preparing for Exam P. This book can
NOT be resold to others or shared with others. No part of this publication may be reproduced for resale or multiple
copy distribution without the express written permission of the author.

©2012, 2013 By Yufeng Guo

©Yufeng Guo, Deeper Understanding: Exam P


http://actuary88.com/�

http://actuary88.com/

Table of Contents

Chapter 1 Exam-taking and study strategy .........cccceeereeererieienieennens 5
Top Horse, Middle Horse, Weak HOISE..........cooiieinieiin e s 5
TruthS @DOUL EXBIM Pttt st 6
Why good candidates fail...........cooiiiiiiriiiee e 8
Recommended study Method...........cooeiieiiiecece e 10
CBT (computer-based testing) and itSimplications............ccocvveereniineeneere e 11

Chapter 2 Doing calculations 100% correct 100% of thetime....... 13
What calculators to Use for EXamM P.........ccocooiririiiie e 13
(@] (o= o= LoD = o g 1] o1 RO TR 17
Comparison of 3 Dest CAlCUIALOrS..........c.cceeieeee e 26

Chapter 3 Set, sample space, probability models.........ccccveenenennen. 27

Chapter 4 Multiplication/addition rule, counting problems........... 41

Chapter 5 Probability lawsand “whodunit” ...........cccccoeeeeiieceenene, 48

Chapter 6 Conditional Probability......c..ccccooeviiiieiiece e 60

Chapter 7 Bayes' theorem and posterior probabilities.................... 64

Chapter 8 Random variableS........ceeveeeveiie e 74
Discrete random variable vs. continuous random variable............cccoevvninenencnennenn, 76
Probability Mass fUNCLION ..o 76
Cumulative probability fuNCtion (CDF)......cccvcuiiieeeeceese e 79
PDF and CDF for continuous random variables............ccoovreneeneninneeneeesee e 80
PropertieS Of CDF ..ottt b e 81
Mean and variance of arandom variable..........ccoceeiiiininiine 83
MEAN OF ATUNCIION ....c.iiiiiieee e 85

Chapter 9 Independence and varianCe .........cccoceeveereeneeneeseeesseeeees 87

Chapter 10 Percentile, mean, median, mode, moment........................ 91

Chapter 11 Find E(X),Var (X),E(X[Y),Var (X |Y) v, 95

Chapter 12  Bernoulli distribution ..........ccecoeeviniinnie e 111

Chapter 13  Binomial distribution..........cccoveriiniiiniiceeeeee, 112

Chapter 14 Geometric distribution .........cccoccveveenininnie e 121

Chapter 15 Negative binomial .........cccocvveeiieniinne e 129

Chapter 16 Hypergeometric distribution ...........cceovviviiinieeneenienne 140

Chapter 17  Uniform distribution .........ccccceveeinnnnnnieceeeeeene 143

Chapter 18 Exponential distribution ..........cccccceveiiniiiccecieeceese, 146

Chapter 19  P0isson diStribution ..........cccccveieeieeviee e 169

Chapter 20 Gamma distribution .........cccccceevveievciie e, 173

Chapter 21  Beta distribution ........cccceecevee e 183

Chapter 22 Welbull distribution..........ccccccveveevieveie e 193

Chapter 23  Pareto distribution..........ccceeee e 200

Chapter 24  Normal distribution ... 207

Chapter 25 Lognormal distribution..........cccceveevnninnin e 212

©Y ufeng Guo, Deeper Understanding: Exam P

2 of 447


http://actuary88.com/
http://actuary88.com/

http://actuary88.com/

Chapter 26  Chi-square distribution..........ccccovveneninin s 221
Chapter 27 Bivariate normal distribution...........cccocvvvvrienienneennenne 226
Chapter 28 Joint density and doubleintegration .........ccccccceevveeennee. 231
Chapter 29 Marginal/conditional density.......ccccoccevviienienieeneenienne 251
Chapter 30 Transformation: CDF, PDF, and Jacobian Method ..... 262
Chapter 31 Univariate & joint order statistiCs.......cccccvvvveieesieennenne 279
Chapter 32 Double expectation...........ccceeeeeieereeneesie e 296
Chapter 33 Moment generating function ..........ccccecvvvvececieeseesnene, 302

14 Key MGF formulas you MUSt MEMOTIZE.........ccvevueeieeseeieeieseesieesee e sseeseesseenaens 303
Chapter 34 Joint moment generating function............cccceeeeeviieeenen. 326
Chapter 35 Markov’'sinequality, Chebyshev inequality................... 333
Chapter 36 Study Note “Risk and Insurance” explained ................. 346

Deductible, BENEfit TIMIT .........oo e e 346

COINSUIANCE........uveieeiitieee e citeee e s et ee e e e e ae e e s sabbaeeesaasbeeesssabaesessbbaeessabbanesassbressssasreneesans 351

The effect of inflation on loss and claim payment............cccceeeeveecevceveece e 355

MiXture of diStrIDULIONS .......ooiiiiiie e e 358

(@00 !< 1 11w = W HAVZ= (= (0] 4 F 362

NOrmal @PPrOXIMELION.......cc.eeeieeiieeieecee et e cee e eee et re et e e e sr e srb e e sbeeeneesneesareeans 365

= o011 Y [0 = [ oo S 374
Chapter 37  On becoming an actuary... ....ccccocevernnienieeneesee s 375
GUO’S MOCK EXAIM oottt ra e s s ra e 377
Solution to GUO’sS MOCK EXamM......ccccoecvviieiicieee e 388
Final tipson taking EXam P..........ccoinn e 423
ADOUL tREAULNOL ... 424
Value of this PDF study manual............cccoceeieinninieeeeeee e 425
User review of Mr. GUOSP Manual .........cccoeeeieivieeec e 425
BONUS PrOBIEMS.....c.cceee e 426

©Y ufeng Guo, Deeper Understanding: Exam P

3 of 447


http://actuary88.com/
http://actuary88.com/

Chapter 18 Exponential distribution

Key Points

Gain a deeper under standing of exponential distribution:

Why does exponential distribution model the time elapsed before the first or next random
event occurs?

Exponential distribution lacks memory. What does this mean?
Under stand and use the following integration shortcuts:

Forany >0 and a>0:

J‘le"wdx= e’
- 0

J' x(% e’ jdx =(a+0)e¥

a

sz (%e‘wjdx: [(a+ 0)" + ez}e‘w

You will need to understand and memorize these shortcuts to quickly solve integrations
in the heat of the exam. Do not attempt to do integration by parts during the exam.

Explanations

Exponential distribution is the continuous version of geometric distribution. While
geometric distribution describes the probability of having N trials before the first or next
success (success is a random event), exponential distribution describes the probability of
having time T elapse before the first or next success.

Let’s use a simple example to derive the probability density function of exponential
distribution. Claims for many insurance policies seem to occur randomly. Assume that on
average, claims for a certain type of insurance policy occur once every 3 months. We
want to find out the probability that T months will elapse before the next claim occurs.

To find the pdf of exponential distribution, we take advantage of geometric distribution,
whose probability mass function we already know. We divide each month into n
intervals, each interval being one minute. Since there are 30*24*60=43,200 minutes in a
month (assuming there are 30 days in a month), we convert each month into 43,200

146 of 447


http://actuary88.com/�

intervals. Because on average one claim occurs every 3 months, we assume that the
chance of a claim occurring in one minute is

L
3x 43,200

How many minutes must elapse before the next claim occurs? We can think of one
minute as one trial. Then the probability of having mtrials (i.e. m minutes) before the
first success is a geometric distribution with

1

P=3%43 200

Instead of finding the probability that it takes exactly m minutes to have the first claim,
we’ll find the probability that it takes m minutes or lessto have the first claim. The latter
is the cumulative distribution function which is more useful.

P (it takes mminutes or less to have the first claim)
=1 — P (it takes more than m minutes to have the first claim)

The probability that it takes more than mtrials before the first claim is (1- p)m. To see
why, you can reason that to have the first success only after m trials, the first mtrials
must all end with failures. The probability of having mfailures in mtrials is (1- p)m.

Therefore, the probability that it takes mtrials or less before the first success is
1-(1-p)".

Now we are ready to find the pdf of T :

P(T <t)=P (43,200t trials or fewer before the 1 success)

1 43,200t 1 _3x43,200t ] /3
=1-|1-—— =1-/|l1-———— ~1-g'3
3x43,200 3x43,200

Of course, we do not need to limit ourselves by dividing one month into intervals of one
minute. We can divide, for example, one month into n intervals, with each interval of
1/1,000,000 of a minute. Essentially, we want n — +o.

P(T <t)=P(nt trials or fewer before the 1% success)
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1 nt 1 -3n -t/3
=1—(1—3—j =1—H1—3—j } =1-e'® (as n— +o)
n n

If you understand the above, you should have no trouble understanding why exponential
distribution is often used to model time elapsed until the next random event happens.

Here are some examples where exponential distribution can be used:

Time until the next claim arrives in the claims office.
Time until you have your next car accident.

Time until the next customer arrives at a supermarket.
Time until the next phone call arrives at the switchboard.

General formula:

Let T=time elapsed (in years, months, days, etc.) before the next random event occurs.
F(t)=P(T<t)=1-€, f(t) :%e“/‘g, where 6= E(T)
P(T>t)=1-F(t)=e"*

Alternatively,

F(t)=P(T<t)=1-e", f(t)=1e", where 1 =$

P(T>t)=1-F(t)=€e*

Mean and variance: E(T)=46 :%, Var (T)=6" :%

Like geometric distribution, exponential distribution lacks memory:
P(T>a+hT>a)=P(T >b)

We can easily derive this:

P(T>a+bnT>a) P(T>a+h) @™’

P(T>a+b|T>a)= = = =e?’=P(T>b
(T>a+blT>a) P(T>a) P(T>a) &% © (T>5)

In plain English, this lack of memory means that if a component’s time to failure follows
exponential distribution, then the component does not remember how long it has been
working (i.e. does not remember wear and tear). At any moment when it is working, the
component starts fresh as if it were completely new. At any moment while the component
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is working, if you reset the clock to zero and count the time elapsed from then until the
component breaks down, the time elapsed before a breakdown is always exponentially
distributed with the identical mean.

This is clearly an idealized situation, for in real life wear and tear does reduce the
longevity of a component. However, in many real world situations, exponential
distribution can be used to approximate the actual distribution of time until failure and
still give a reasonably accurate result.

A simple way to see why a component can, at least by theory, forget how long it has
worked so far is to think about geometric distribution, the discrete counterpart of
exponential distribution. For example, in tossing a coin, you can clearly see why a coin
doesn’t remember its past success history. Since getting heads or tails is a purely random
event, how many times you have tossed a coin so far before getting heads really should
NOT have any bearing on how many more times you need to toss the coin to get heads
the second time.

The calculation shortcuts are explained in the following sample problems.

Sample Problems and Solutions
Problem 1

The lifetime of a light bulb follows exponential distribution with a mean of 100 days.
Find the probability that the light bulb’s life ...

(1) Exceeds 100 days
(2) Exceeds 400 days
(3) Exceeds 400 days given it exceeds 100 days.

Solution

Let T = # of days before the light bulb burns out.

F(t)=1-€", where 6=E(T)=100
P(T>t)=1-F(t)=e"

P(T >100)=1-F(100) = e**** = ¢"=0.3679
P(T >400) =1- F (400) = e “%*® = ¢ =0.0183
P(T >400) g0

P(T >400|T >100) = p(T>100) &7 - e°=0.0498
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Or use the lack of memory property of exponential distribution:

P(T >400|T >100) = P(T >400-100) = e **** = ¢°=0.0498

Problem 2
The length of telephone conversations follows exponential distribution. If the average

telephone conversation is 2.5 minutes, what is the probability that a telephone
conversation lasts between 3 minutes and 5 minutes?

Solution

F (t) =1- e—t/2.5
P(3 <T< 5) — (1_ e—5/2.5)_(1_ e—3/2.5) — e—3/2.5 _ e—5/2.5 =0.1659

Problem 3

The random variable T has an exponential distribution with pdf f (t)= %e‘”z :

Find E(T|T >3), Var (T|T >3), E(T|T <3),Var(T|T <3).
Solution

First, let’s understand the conceptual thinking behind the symbol E(T|T > 3) . Here we
are only interested in T > 3. So we reduce the original sample space T € [0,+oo] to
T €[3,+0]. The pdf in the original sample space T €[0,+w] is f (t); the pdf in the

. f(t :
reduced sample space t € [3, +oo] is #) Here the factor _1 isa
P(T >3) P(T >3)
normalizing constant to make the total probability in the reduced sample space add up to
one:

IO P(fT(t>)3) o= P(T1> 3)T f(0)dt=—=—xP(T >3)-1
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Next, we need to calculate E(T|T > 3) , the expected value of T in the reduced sample

space T €[3,+o]:

E(T|T>3):Reduc[d tP(fT(t>)3)dt:P(T1>3)th(t)dt: = ]jtf(t)dt

Sample space
Te[3,+oo]

1-F(3)=¢e"?

+00

.[ tf (t)dt =5e? (integration by parts)

3

1 7 5g 3/
tf (t)dt=——=5
1—F(3)I )

E(T|T > 3) = =
3

Here is another approach. Because T does not remember wear and tear and always starts
anew at any working moment, the time elapsed since T =3 until the next random event
(i.e. T —3) has exponential distribution with an identical mean of 2. In other words,

(T —3|T > 3) is exponentially distributed with an identical mean of 2.
So E(T-3T>3)=2.
E(T|T>3)=E(T-3T>3)+3=2+3=5

Next, we will find Var (T|T > 3) .

E(T?|T>3) =ﬁ ! t2f (t)dt =ﬁ ! t? %e‘“zdt

+00

_[ t2 %e“ 2dt = 29 ¥? (integration by parts)

3

29¢7%?

E(T?T >3):F:29

Va (T[T >3)=E(T?T >3)-E*(T|T >3)=29-5" = 4=¢"
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It is no coincidence that Var (T|T > 3) is the same as Var (T) . To see why, we know

Var (T|T >3)=Var (T -3|T > 3). This is because Var (X +c) =Var (X) stands for any
constant C.

Since (T —3|T > 3) is exponentially distributed with an identical mean of 2, then
Var (T-3T>3)=0°=2°=4.

Next, we need to find E(T|T < 3).

F(3)=1-e**
th (t)dt :th (t)dt—th (t)dt

j tf (t)dt =572 (we already calculated this)

3

1 ¢ 2-5¢2
E(T|T <3)=—77 8 {tf ()t ="—

Here is another way to find E(T|T <3).
E(T)=E(T|T <3)xP(T <3)+E(T|T >3)xP(T >3)

The above equation says that if we break down T into two groups, T >3 and T <3, then
the overall mean of these two groups as a whole is equal to the weighted average mean of
these groups.

Also note that P(T = 3) is not included in the right-hand side because the probability of

a continuous random variable at any single point is zero. This is similar to the concept
that the mass of a single point is zero.
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Of course, you can also write:
E(T)=E(T|T <3)xP(T <3)+E(T|T >3)xP(T >3)
Or E(T)=E(T|T <3)xP(T <3)+E(T|T 23)xP(T 23)
You should get the same result no matter which formula you use.
E(T)=E(T|T <3)xP(T <3)+E(T|T >3)xP(T >3)

E(T)-E(T|T>3)xP(T >3)
P(T <3)

= E(T|T<3)=

0-(0+3) e¥? p_pgi¥
1_g32 = 1_ea32

= E(T|T<3)=
Next, we will find E(T2|T < 3) ;

1
P(T <3)

2 1 fp fe Lo
E(T |T<3)=P(T<3)£t f(t)dt = _([t et

th %e”zdt = —[(t +2)° +4} e*?

0

3
=8-29¢°"?

0

3 _90p3/2
1 J-t 1 8-29%

E(T2|T <3)= TS 22 gt =

2 1-e¥?

0
Alternatively,
E(T?)=E(T°|T <3)xP(T <3)+E(T*T >3)xP(T >3)

E(T?)-E(T?|[T>3)xP(T >3)
P(T <3)

= E(T2|T <3):

20% -29xP(T >3) 8-29¢™
P(T<3)  1-e*
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B _ 2
Va (T|T <3)= E(T?|T <3)-E* (T[T <3) = 228 _ —(2_56 3/2)

1_g 32 1_g 32

In general, for any exponentially distributed random variable T' with mean 6 > 0
and for any a>0:

T- a|T > a is also exponentially distributed with mean 6

= E(T-4T>a)=0, Var(T-aT>a)=0*
= E(T|T>a)=a+6, Var(T|T>a)=6>

+o0

E(T-4T>a)= P(T1> y I(t—a) f(t)ot

a

=N T(t—a)f(t)d =tE(T -a|T >a)xP(T >a)=0e*"

a

+00

[ tf (t)ot

P(T>a);

= [t (t)d =tE(T|T>a)xP(T >a)=(0+a)e ™

a

E(T|T>a)=

E(T|T<a)= P(T;<a)iltf (t)at

= ja'tf (t)d =tE(T|T <a)xP(T <a)=E(T|T <a)(1-e*¥’)

E(T)=E(T|T <a)xP(T <a)+E(T|T >a)xP(T >a)
= O=E(T|T<a)x(1-e¥)+E(T|T>a)xe®

E(T?)=E(T’|T<a)xP(T<a)+E(T?|T>a)xP(T >a)

You do not need to memorize the above formulas. However, make sure you understand
the logic behind these formulas.

Before we move on to more sample problems, | will give you some integration-by-parts
formulas for you to memorize. These formulas are critical to you when solving
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exponential distribution-related problems in 3 minutes. You should memorize these
formulas to avoid doing integration by parts during the exam.

Formulas you need to memorize:

Forany >0 and a>0

i 1 —X/0 —alo

= dx = 1
;[ ee X=e 1)
_[:0 x(—; ew}dx:(a+ 0)e ™’ (2)

j;wxz (%eX’gjdx:[(a+0)2+62]ea’9 A3)

You can always prove the above formulas using integration by parts. However, let me
give an intuitive explanation to help you memorize them.

Let X represent an exponentially random variable with a mean of 4, and f (x) is the
probability distribution function, then for any a >0, Equation (1) represents
P(X >a)=1-F(a), where F(x)=1-€""is the cumulative distribution function of X

. 'You should have no trouble memorizing Equation (1).

For Equation (2), from Sample Problem 3, we know
[T (x)d =€(X|X >a)xP(X >a)=(a+g)e™

To understand Equation (3), note that

P(X>a)=e®’

[7Xf(x)d 5€(X?|X >a)xP(X >a)
E(X?|X >a)=E*(X|X >a)+Va (X|X >a)
E*(X|X >a)=(a+0)", Var(X|X >a)=6"

Then

400

) X f (x)dx = [(a+ 49)2 +92]e‘a’9
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We can modify Equation (1),(2),(3) into the following equations:

Forany >0 and b>a>0

—x/BdX e—a/B e—b/b’ (4)

I
j ( XIHJ (a+6’) -alo (b+«9) g o (5)
J‘ ( x/ej [(a+6) 0 :| -alo _ [(b+0) +6 i| e’  (6)

We can easily prove the above equation. For example, for Equation (5):

I:X(; _ijdx [ ( ‘X"gjdxj ( ‘X"gjdx (a+6)e ™’ —(b+6)e™

We can modify Equation (1),(2),(3) into the following equations:

Forany >0 and a>0

J%ex”’dx =" +c )
J'x( ‘X’gjdx_—(x+9) e’ +c (8)
J'xz[ ‘X’ejdx_ [(x+0) +02} e +c (9)

Setﬂ:%.Foranyﬂ»O and a>0

J./ie‘“dx =—e”+cC (10)

jx(/le“)dx:—(x+%je“+c (11)
sz (/Ie‘“)dx = —Hx+%) +%} e +c (12)

So you have four sets of formulas. Just remember one set (any one is fine). Equations
(4),(5),(6) are most useful (because you can directly apply the formulas), but the formulas
are long.
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If you can memorize any one set, you can avoid doing integration by parts during the
exam. You definitely do not want to calculate messy integrations from scratch during the
exam.

Now we are ready to tackle more problems.

Problem 4
After an old machine was installed in a factory, Worker John is on call 24-hours a day to
repair the machine if it breaks down. If the machine breaks down, John will receive a

service call right away, in which case he immediately arrives at the factory and starts
repairing the machine.

The machine’s time to failure is exponentially distributed with a mean of 3 hours. Let T
represent the time elapsed between when the machine was first installed and when John
starts repairing the machine.

Find E(T) andVar(T).

Solution

T is exponentially distributed with mean 6=3. F(t)=1-¢e""°.

We simply apply the mean and variance formula:

E(T)=6=3 Var(T)=0°=3°=9

Problem 5

After an old machine was installed in a factory, Worker John is on call 24-hours a day to
repair the machine if it breaks down. If the machine breaks down, John will receive a
service call right away, in which case he immediately arrives at the factory and starts
repairing the machine.

The machine was found to be working today at 10:00 a.m..

The machine’s time to failure is exponentially distributed with a mean of 3 hours. Let T

represent the time elapsed between 10:00 a.m. and when John starts repairing the
machine.

Find E(T) andVar (T).

Solution
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Exponential distribution lacks memory. At any moment when the machine is working, it
forgets its past wear and tear and starts afresh. If we reset the clock at 10:00 and observe
T, the time elapsed until a breakdown, T is exponentially distributed with a mean of 3.

E(T)=60=3, Var (T)=60%=3%=9

Problem 6

After an old machine was installed in a factory, Worker John is on call 24-hours a day to
repair the machine if it breaks down. If the machine breaks down, John will receive a
service call right away, in which case he immediately arrives at the factory and starts
repairing the machine.

Today, John happens to have an appointment from 10:00 a.m. to 12:00 noon. During the
appointment, he won’t be able to repair the machine if it breaks down.

The machine was found working today at 10:00 a.m..
The machine’s time to failure is exponentially distributed with a mean of 3 hours. Let X

represent the time elapsed between 10:00 a.m. today and when John starts repairing the
machine.

Find E(T) andVar (T).

Solution

Let T =time elapsed between 10:00 a.m. today and a breakdown. T is exponentially
distributed with a mean of 3. X =max(2,T).

2,ifT<2
T,ifT>2

You can also write

[2,ifT<2
T, ifT>2

As said before, it doesn’t matter where you include the point T =2 because the probability
density function of a continuous variable at any single point is always zero.
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Pdf is always f (t) =%e‘“3 no matter T<2 or T > 2.

( t/3j 2+3 —2/3 5672/3
( 2’3)+5e2’3 2+3e?®
o +o0 1
- [ 2 e e 2
J-Ozzz(; tISJdt -2 ( 72/3) 4(1—672/3)
J‘:otz(%eugjdt (5 +32) 23 — 34723
E(X?)=4(1-e%%)+34e?* = 4+30e"
Var (X)=E(X?)-E?(X)=4+3 &”® —(2+3e?"®
(X) (X)

We can quickly check that E(X) = 2+3e72'3 is correct:

0, ifT<2
T-2, ifT>2

{2, ifT<?2

) = X-2=
T, ifT>2

= E(X-2)=0xE(T|T<2)xP(T<2)+E(T-2T >2)xP(T >2)
=E(T-2T>2)xP(T >2)=3e?"

= E(X)=E(X-2)+2=2+3e""

You can use this approach to find E(x 2) too, but this approach isn’t any quicker than
using the integration as we did above
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Problem 7

After an old machine was installed in a factory, Worker John is on call 24-hours a day to
repair the machine if it breaks down. If the machine breaks down, John will receive a
service call right away, in which case he immediately arrives at the factory and starts
repairing the machine.

Today is John’s last day of work because he got an offer from another company, but he’ll
continue his current job of repairing the machine until 12:00 noon if there’s a breakdown.
However, if the machine does not break by noon 12:00, John will have a final check of
the machine at 12:00. After 12:00 noon John will permanently leave his current job and
take a new job at another company.

The machine was found working today at 10:00 a.m..

The machine’s time to failure is exponentially distributed with a mean of 3 hours. Let X
represent the time elapsed between 10:00 a.m. today and John’s visit to the machine.

Find E(X) andVar (X).
Solution

Let T =time elapsed between 10:00 a.m. today and a breakdown. T is exponentially
distributed with a mean of 3. X =min(2,T).

[t ifT<2
2, ifT>2

~t/3

Pdf is always f (t) =%e nomatter T<2 or T > 2.

E(X)= jozt%e—“dt +L”°2(%e‘”3j dt

| “tletsd=3—(2+3)e?"
03

J‘*‘”z(let/sj dt = 2672/3
2 3

E(X)=3-5e"°+2e%°=3-3e?"
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To find Var (X), we need to calculate E(XZ).

E(X2)=Tx2(t)f(t)dt:itzf(t)dtJrTzzf(t)dt
jt f(t)dt=|(0+3) +3 |~ | (2+3)' +3* |e?° =18 -34™"

j 22 f (t)dt = 4™

2

E(X?)=18-34e"" +4e*" =18-30e™"

Var (X)=E(X?)~E?(X)=(18-30e")~(3-3¢2")’
We can easily verify that E(X)=3-3e?" is correct. Notice:

T+2=min(T,2)+max(T,2)
= E(T+2)=E[min(T,2)]|+E[max(T,2)]

We know that

E[ min(T,2)]=3-3¢?" (from this problem)
E[ max(T,2)|=2+3e?? (from the previous problem)
E(T+2)=E(T)+2=3+2

So the equation E(T +2)=E[min(T,2)]+E[max(T,2)] holds.
We can also check that E(Xz) =18-30e?" is correct.
T+2=min(T,2)+max(T,2)

= (T+2 [mln 2)+max(T,2)]2
:[mln , ]2+[max(T,2)]2+2min(T,2)max(T,2)
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_ t ift<2 2 ift<2
m'n(T’Z)z{z ift>2" maX(T’Z)z{t ift>2
= min(T,2)max(T,2)=2t
= (T+2)’ =[min(T,2)]" +[max(T,2)]" +2(2t)
= E(T+2)’=E[min(T,2)+max(T,2)]’
= E[min(T,2)]" +E[max(T,2)]" + E[2(2t)]

E(T+2)' = E(T?+4t+4)=E(T?)+4E(t)+4=2(3)+4(3)+4=34

E[min(T,2)] ? ~18-30e2/3 (from this problem)
E[ max(T,2)] *—4+30e?® (from previous problem)
E[2(2t)]=4E(t)=4(3)=12

E[min(T,2)]" + E[max(T,2)]" +E[2(2t)]
=18-30e" +4+30e”"° +12=34

So the equation E(T +2)" = E[ min(T,2)+max(T,2) ] * holds.

Problem 8

An insurance company sells an auto insurance policy that covers losses incurred by a
policyholder, subject to a deductible of $100 and a maximum payment of $300. Losses
incurred by the policyholder are exponentially distributed with a mean of $200. Find the
expected payment made by the insurance company to the policyholder.

Solution

Let X =losses incurred by the policyholder. X is exponentially distributed with a mean

of 200, f(x)= Z%Oe‘x’m .

Let Y =claim payment by the insurance company.

0, if X <100
Y =< X -100, if100< X <400
300, if X >400
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10

E(Y) :Ewy(x) f(x)dx=| "0t (x)dx+jlzzo(x—100) f (x)dx+ﬂ;300f (x)dx

100

. 0f (x) dx=0
400 400 400

LOO (x—100) f (x)dx = LOO xf () dx—J.100 100 f (x)dx

40

"xf (X)dx = (100+200) & "% — (400 + 200) e ***® = 300e 2 — 600e >

100

1‘:;0100 f (X) dx =100 (67100/200 _ ef400/2oo ) _ 100( ~1/2 _e? )

[ 300 (x)dx=300e“*'** = 300"
400

Then we have
E(X)=300e"*-600e”~100(e*'* ~e?)+300e” = 200(e* —€*)

Alternatively, we can use the shortcut developed in Chapter 22:

d+L 1004300
E(X)= [ Pr(X>x)ax=|[ e*X’2°°dx=2oo[e*X’2°°]i‘;‘;zzoo(eflfz_efz)
d 100
Problem 9

An insurance policy has a deductible of 3. Losses are exponentially distributed with mean

10. Find the expected non-zero payment by the insurer.

Solution

Let X represent the losses and Y the payment by the insurer. Then Y =0 if X <3;

Y =X -3 if X >3.We are asked to find E(Y|Y>0).

E(Y|]Y>0)=E(X-3X>3)

X —3| X >3 is an exponential random variable with the identical mean of 10. So

E(X -3 X >3)=E(X)=10.

163 of 447


http://actuary88.com/�

Generally, if X is an exponential loss random variable with mean &, then for any

positive deductible d

E(X-d[X>d)=E(X)=0, E(X|X>d)=E(X-dX>d)+d=6+d

Problem 10

Claims are exponentially distributed with a mean of $8,000. Any claim exceeding

$30,000 is classified as a big claim. Any claim exceeding $60,000 is classified as a super

claim.

Find the expected size of big claims and the expected size of super claims.

Solution

This problem tests your understanding that the exponential distribution lacks memory.

Let X represents claims. X is exponentially distributed with a mean of £=8,000.

Let Y =big claims, Z =super claims.

E(Y)=E(X|X >30,000)=E(X -30,000| X >30,000)+30,000
= E(X)+30,000 = #+30,000 = 38,000

E(Z)=E(X|X >60,000)=E(X -60,000/ X > 60,000)+ 60,000
= E(X)+60,000 = 6+ 60,000 = 68,000

Problem 11

Evaluate +jzo(x2 + x)e‘x’ Sdx .

Solution

T(xz+x)e‘x’5dx:5+_|?(x2+x)@ X’dex 5! (1 X’5jdx+5_|. (1 ‘X’Sde
2 2

+0o0

_[xz[é ‘X’dex [ (5+2)} e’’®, Tx(é ‘X’dex (5+2)e?"®

2

+00

= J'(xz+x)e’x’5dx:5[52+((5+2) (5+2)} e?/® = 4057

2
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Problem 12 (two exponential distributions competing)

You have a car and a van. The time-to-failure of the car and the time-to-failure the van
are two independent exponential random variables with mean of 8 years and 4 years
respectively.

Calculate the probability that the car dies before the van.

Solution

Let X and Y represent the time-to-failure of the car and the time-to-failure of the van
respectively. We are asked to find P(X <Y).

X and Y are independent exponential random variables with mean of 8 and 4
respectively. Their pdf is:

1

fx(x):ge‘V8 , F(x)=1-e7"® where x>0
fY(y)zie—y/A, F (y)=1-e™Y*, where y>0

Method #1 X and Y have the following joint pdf:

fr (% Y)= F () (y) =g Ge”j
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y=x

The shaded areais x>0, y>0,and x<y.

00 +00  +00

P(X<Y)=§]dé[a[A f (x,y)dxdy= jf f (X, y)dydx= jj%e‘x/‘;(%e‘y/“jdydx
al rea X X

R SRRV |
_J P (e )d _£8e3/8dx_3

Method 2

P(X <Y)= [ P(x< X <x+dx)P(Y > x+dx)

0
The above equation says that to that find P(X <), we first fix X at a tiny interval
(x, X+ dx] . Next, we set Y > x+ dx. This way, we are guaranteed that X <Y when X
falls in the interval (x,x+ dx]. To find P(X <Y) when X falls [0,+0], we simply

integrate P(x< X < x+dx)P(Y > x+dx) over the interval [0,+].

P(x<X<x+dx)= f (x)dx:%e‘x/gdx

P(Y>x+d ¥=P(Y>x) because dx is tiny
=1- FY(X):l—(l_e*X/A'):e—XM
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1
0 + 1 B l+°c _(L-l]x § 1
P(X<Y)=| f ., (X)P(Y>x)=]|]|=e X/gdxje - le 84 dx=—OY_==
(x<¥)=[ 5 (9P(Y>0)= 3 ;1 i3
8 4
1
This is the intuitive meaning behind the formula 1—81 In this problem, we have a car
i_i_i
8 4

and a van. The time-to-failure of the car and the time-to-failure the van are two
independent exponential random variables with mean of 8 years and 4 years respectively.
So on average a car failure arrives at the speed of 1/8 per year; van failure arrives at the

speed of ¥ per year; and total failure (for cars and vans) arrives a speed of (%+%] per

1
year. Of the total failure, car failure accounts for 8

= l of the total failure.
1 1 3
i+7
8 4

With this intuitive explanation, you should easily memorize the following shortcut:

In general, if X and Y are two independent exponential random variables with
parameters of A, and A, respectively:

f(X)=Ae ™ and £, (y)=1e

Then P(X <Y)= J. f (X)P(Y > x)dx = J./ile"ixe’*?X dx:ﬂij g () dx=%
0 0 0 2

Similarly, P(Y<X):/11/12/1 .
+ 2

=1. This means that

Now you see that P(X <Y)+P(X >Y)=—2_ 4“2
h+h A+
P(X=Y)=0.Toseewhy P(X =Y)=0, please note that X =Y is a line in the 2-D

plane. A line doesn’t have any area (i.e. the area is zero). If you integrate the joint pdf
over a line, the result is zero.

If you have trouble understanding why P(X :Y) =0, you can think of probability in a

2-D plane as a volume. You can think of the joint pdf in a 2-D plane as the height
function. In order to have a volume, you must integrate the height function over an area.
A line doesn’t have any area. Consequently, it doesn’t have any volume.
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Problem 13 (Sample P #90, also M ay 2000 #10)

An insurance company sells two types of auto insurance policies: Basic and Deluxe. The
time until the next Basic Policy claim is an exponential random variable with mean two

days. The time until the next Deluxe Policy claim is an independent exponential random
variable with mean three days.

What is the probability that the next claim will be a Deluxe Policy claim?
(A) 0.172
(B) 0.223
(C) 0.400
(D) 0.487
(E) 0.500

Solution

Let T°=time until the next Basic policy is sold. T® is exponential random variable with

1 1
AP===Z.
0° 2

Let TP = time until the next Deluxe policy is sold. T® is exponential random variable

with 2°= = =1,
3

“The next claim is a Deluxe policy” means that T® <T®.

=04

P(T® <TB):TD —5 =

[$EN)

1
TP 3
+

Wl
N

Homework for you: #3 May 2000; #9, #14, #34 Nov 2000; #20 May 2001; #35 Nov
2001; #4 May 2003.
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Value of this PDF study manual

1. Don’'t pay the shipping fee (can cost $5 to $10 for U.S. shipping and over $30 for
international shipping). Big saving for Canadian candidates and other
international exam takers.

2. Don't wait aweek for the manual to arrive. Y ou download the study manual
instantly from the web and begin studying right away.

3. Load the PDF in your laptop. Study as you go. Or if you prefer a printed copy,
you can print the manual yourself.

4. Use the study manual as flash cards. Click on bookmarks to choose a chapter and
quiz yourself.

5. Search any topic by keywords. From the Adobe Acrobat reader toolbar, click
Edit ->Search or Edit ->Find. Then type in akey word.

User review of Mr. Guo's P M anual

Mr. Guo’'s P manual has been used extensively by many Exam P candidates. For user
reviews of Mr. Guo’'s P manual at http://www.actuarial outpost.com, click here Review of
the manual by Guo.

Testimonies:

“Second time | used the Guo manual and was able to do some of the similar
qguestionsin lessthan 25% of the time because of knowing the shortcut.”
Testimony #1 of the manual by Guo

“1 just took the exam for the second time and feel confident that | passed. | used
Guo the second time around. It was very helpful and givesalot of shortcutsthat |
found very valuable. | thought the manual waskind of expensivefor an e-file, but if
it helped me passit waswell worth the cost.”

Testimony # 2 of the manual by Guo

“I took thelast exam in Feb 2006, and | ran out of timeand | ended up with afive. |
needed to do the questions quicker and more efficiently. The Guo's study guide
really did thejob.”

Testimony #3 of the manual by Guo

©Y ufeng Guo, Deeper Understanding: Exam P
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