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Lesson 2

Thiele’s differential equation

Reading: Actuarial Mathematics for Life Contingent Risks 3rd edition 7.4

Thiele’s differential equation is a version of the policy value recursion for fully continuous insurances or annuities1

with continuous premiums. The formula is

d
d𝑡 𝑡𝑉 = 𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡

Thiele’s differential equation

(2.1)

A proof is provided in a sidebar. Know this equation well, since on exams you may be asked to state it. Intuitively,
the equation says that the policy value increases at the rate of interest, and with premiums minus expenses, minus
mortality benefits based on the net amount at risk.

Usually the equation doesn’t have a closed form solution. It can be solved numerically using Euler’s method.
Namely, the derivative is the limit as ℎ → 0 of a difference quotient:

d
d𝑡 𝑡𝑉 = lim

ℎ→0
𝑡+ℎ𝑉 − 𝑡𝑉

ℎ

Euler’s numerical method uses the difference quotient as an approximation to the derivative in Thiele’s equation.
In other words,

d
d𝑡 𝑡𝑉 ≈ 𝑡+ℎ𝑉 − 𝑡𝑉

ℎ

Plug in this expression for the derivative into equation (2.1) to obtain

𝑡+ℎ𝑉 − 𝑡𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡

)
(2.2)

Notice that this formula is slightly different from the discrete counterpart, equation (1.57), in that the net amount
of risk is the face amount minus the beginning policy value, whereas in the discrete case the end-of-year policy value
was subtracted from the face amount. In the continuous case, beginning of period and end of period are the same,
but in the approximation the period length is ℎ so they’re not quite the same. This causes a slight difference in the
resulting recursive formula.

Solving for 𝑡𝑉 , we get the following equation

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ (𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡)�[𝑥]+𝑡

)
1 + ℎ(�[𝑥]+𝑡 + 𝛿) (2.3)

The way we have done it is the way Actuarial Mathematics for Life Contingent Risks works out its examples. We use
the derivative at time 𝑡 to relate 𝑡𝑉 to 𝑡+ℎ𝑉 , or equivalently, we use the derivative at time 𝑡 − ℎ to relate 𝑡−ℎ𝑉 to 𝑡𝑉 .
This method is called the Forward Euler Approximation, since it expresses the derivative at time 𝑡 in terms of values at
times 𝑡 and 𝑡 + ℎ. An alternative method would be to use the derivative at time 𝑡 to relate 𝑡−ℎ𝑉 to 𝑡𝑉 . In other words,
start with the following approximation:

d
d𝑡 𝑡𝑉 ≈ 𝑡𝑉 − 𝑡−ℎ𝑉

ℎ

1Actuarial Mathematics for Life Contingent Risks does not apply the formula to annuities, but it could be applied by treating the annuity
payments as negative premiums and setting the face amount equal to zero.
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10 2. THIELE’S DIFFERENTIAL EQUATION

Proof of Thiele’s Differential Equation

Let 𝜋𝑡 be the net premium at time 𝑡. It suffices to prove the equation for net premium policy values, since if it is
true for net premium policy values, replacing 𝜋𝑡 with 𝐺𝑡 − 𝑒𝑡 and 𝑏𝑡 with 𝑏𝑡 + 𝐸𝑡 yields the gross premium policy
value formula. Let 𝑣(𝑡) be the discount factor for cash flows at time 𝑡:

𝑣(𝑡) = exp
(
−

∫ 𝑡

0
𝛿𝑡 d𝑡

)
The policy value at time 𝑡 is the expected present value of future benefits minus the expected present value of
future premiums, or

𝑡𝑉 =

∫ ∞

0
𝑏𝑡+𝑢

𝑣(𝑡 + 𝑢)
𝑣(𝑡) 𝑢𝑝𝑥+𝑡 �𝑥+𝑡+𝑢 d𝑢 −

∫ ∞

0
𝜋𝑡+𝑢

𝑣(𝑡 + 𝑢)
𝑣(𝑡) 𝑢𝑝𝑥+𝑡 d𝑢

and setting 𝑠 = 𝑡 + 𝑢 and using 𝑢𝑝𝑥+𝑡 = 𝑡+𝑢𝑝𝑥/𝑡𝑝𝑥 ,

𝑡𝑉 =
1

𝑣(𝑡) 𝑡𝑝𝑥

(∫ ∞

𝑡

𝑏𝑠 𝑣(𝑠) 𝑠𝑝𝑥 �𝑥+𝑠 d𝑠 −
∫ ∞

𝑡

𝜋𝑠 𝑣(𝑠) 𝑠𝑝𝑥 d𝑠
)

𝑣(𝑡) 𝑡𝑝𝑥 𝑡𝑉 =

∫ ∞

𝑡

𝑏𝑠 𝑣(𝑠) 𝑠𝑝𝑥 �𝑥+𝑠 d𝑠 −
∫ ∞

𝑡

𝜋𝑠 𝑣(𝑠) 𝑠𝑝𝑥 d𝑠 (*)

We differentiate both sides with respect to 𝑡. On the right side, the derivative of an integral with 𝑡 as the lower
bound is negative the integrand, so we get

𝑣(𝑡) 𝑡𝑝𝑥(𝜋𝑡 − 𝑏𝑡 �𝑥+𝑡) (**)

To differentiate the left side, a product of three factors, it is easier to use logarithmic differentiation. Remember
that

d ln 𝑓 (𝑡)
d𝑡 =

d 𝑓 (𝑡)/d𝑡
𝑓 (𝑡)

so
d 𝑓 (𝑡)

d𝑡 = 𝑓 (𝑡)d ln 𝑓 (𝑡)
d𝑡

The logarithm of the left side is

ln 𝑣(𝑡) + ln 𝑡𝑝𝑥 + ln 𝑡𝑉 = ln exp
(
−

∫ 𝑡

0
𝛿𝑢 d𝑢

)
+ ln exp

(
−

∫ 𝑡

0
�𝑥+𝑢 d𝑢

)
+ ln 𝑡𝑉

= −
∫ 𝑡

0
(𝛿𝑢 + �𝑥+𝑢)d𝑢 + ln 𝑡𝑉

The derivative of an integral with 𝑡 at the upper bound is the integrand, so the derivative equals

−𝛿𝑡 − �𝑥+𝑡 + d ln 𝑡𝑉

d𝑡

and by logarithmic differentiation,
d ln 𝑡𝑉

d𝑡 =
d𝑡𝑉/d𝑡

𝑡𝑉

The derivative of the left side of (*) is therefore

𝑣(𝑡) 𝑡𝑝𝑥 𝑡𝑉
(
−𝛿𝑡 − �𝑥+𝑡 + d𝑡𝑉/d𝑡

𝑡𝑉

)
= 𝑣(𝑡) 𝑡𝑝𝑥

(
d𝑡𝑉
d𝑡 − 𝑡𝑉(�𝑥+𝑡 + 𝛿𝑡)

)
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2. THIELE’S DIFFERENTIAL EQUATION 11

Equating this to (**) and canceling 𝑣(𝑡) 𝑡𝑝𝑥 from both sides:

d𝑡𝑉
d𝑡 − 𝑡𝑉(�𝑥+𝑡 + 𝛿𝑡) = 𝜋𝑡 − 𝑏𝑡 �𝑥+𝑡

d𝑡𝑉
d𝑡 = 𝛿𝑡 𝑡𝑉 + 𝜋𝑡 − �𝑥+𝑡(𝑏𝑡 − 𝑡𝑉)

which is Thiele’s equation.

This approximation is called the Backward Euler Approximation, since it expresses the derivative at time 𝑡 in
terms of values at times 𝑡 and 𝑡 − ℎ. Plugging this into equation (2.1)

𝑡𝑉 − 𝑡−ℎ𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡

)
(2.4)

Solving for 𝑡−ℎ𝑉 , we get

𝑡−ℎ𝑉 = 𝑡𝑉
(
1 − ℎ(�[𝑥]+𝑡 + 𝛿)) + ℎ (−𝐺𝑡 + 𝑒𝑡 + (𝑏𝑡 + 𝐸𝑡)�[𝑥]+𝑡

)
(2.5)

To use equations (2.3) or (2.5), start with the maturity/expiry date. At that time, the policy value is 0 for term
insurance and the pure endowment value for endowment insurance; whole life can be treated as an endowment
insurance maturing at a high age. Then work backwards, using a small value of ℎ.

For net premium policy values, the expense terms would be omitted and 𝐺𝑡 would be the net premium.
The two alternative equations lead to different results. Which one should be used? The exam will state which

derivatives to use. Notice that equation (2.3) uses the derivative at time 𝑡 to go from 𝑡 + ℎ to 𝑡; in other words, the
derivative at the bottom of the interval is used. On the other hand, equation (2.5) uses the derivative at time 𝑡 to go
from 𝑡 to 𝑡 − ℎ; in other words, the derivative at the top of the interval is used.

If it is not stated which derivatives to use, use equation (2.3), since that’s what the textbook uses.

Example 2A For a fully continuous whole life insurance of 1000 on (50), you are given
(i) Mortality is uniformly distributed with 𝜔 = 100.

(ii) 𝛿 = 0.05
Calculate the net premium policy value at times 25 and 26. Then use the Euler approximation of Thiele’s equation

with steps of ℎ = 0.25 to calculate the net premium policy value at time 25 from the one at 26. Do this two ways:

1. Using derivatives at 25.75, 25.5, 25.25, and 25.

2. Using derivatives at 26, 25.75, 25.5, and 25.25. ■

Solution: The exact policy values, computed with the insurance ratio formula, are

�̄�50 =
1 − 𝑒−0.05(50)

0.05(50) = 0.367166

�̄�75 =
1 − 𝑒−0.05(25)

0.05(25) = 0.570796

�̄�76 =
1 − 𝑒−0.05(24)

0.05(24) = 0.582338

25𝑉 = 1000
(
0.570796 − 0.367166

1 − 0.367166

)
= 321.775

26𝑉 = 1000
(
0.582338 − 0.367166

1 − 0.367166

)
= 340.014

For the approximation, the premium is

𝑃 = 1000
(
𝛿�̄�50

1 − �̄�50

)
= 29.010

SOA ALTAM Study Manual
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12 2. THIELE’S DIFFERENTIAL EQUATION

and the �’s are 1/(50 − 𝑥) for 𝑥 = 25, 25.25, 25.5, 25.75. To use derivatives at 25.75, 25.5, 25.25, and 25, we use
equation (2.3),

25.75𝑉 =
340.014 − 0.25

(
29.010 − 1000/24.25)

1 + 0.25(0.05 + 1/24.25) = 335.4201

25.5𝑉 =
335.4201 − 0.25

(
29.010 − 1000/24.5)

1 + 0.25(0.05 + 1/24.5) = 330.8598

25.25𝑉 =
330.8598 − 0.25

(
29.010 − 1000/24.75)

1 + 0.25(0.05 + 1/24.75) = 326.3329

25𝑉 =
326.3329 − 0.25

(
29.010 − 1000/25)

1 + 0.25(0.05 + 1/25) = 321.839

which is about 6 cents too high. Greater accuracy could be achieved by using a smaller step.
To use derivatives at 26, 25.75, 25.5, and 25.25, we use equation (2.5).

25.75𝑉 = 340.014
(
1 − 0.25(1/24 + 0.05)) + 0.25(−29.010 + 1000/24) = 335.3859

25.5𝑉 = 335.3859
(
1 − 0.25(1/24.25 + 0.05)) + 0.25(−29.010 + 1000/24.25) = 330.7928

25.25𝑉 = 330.7928
(
1 − 0.25(1/24.5 + 0.05)) + 0.25(−29.010 + 1000/24.5) = 326.2341

25𝑉 = 326.2341
(
1 − 0.25(1/24.75 + 0.05)) + 0.25(−29.010 + 1000/24.75) = 321.710

In this case, the answer is about 7 cents too low. □

Table 2.1: Summary of formulas and concepts in this lesson

Thiele’s differential equation

d
d𝑡 𝑡𝑉 = 𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡 (2.1)

Numerical solutions with Euler’s method:
Using derivatives at the lower end of each interval to go from 𝑡 + ℎ to 𝑡:

𝑡+ℎ𝑉 − 𝑡𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡

)
(2.2)

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ (𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡)�[𝑥]+𝑡

)
1 + ℎ(�[𝑥]+𝑡 + 𝛿) (2.3)

Using derivatives at the upper end of each interval to go from 𝑡 to 𝑡 − ℎ:

𝑡𝑉 − 𝑡−ℎ𝑉 ≈ ℎ
(
𝛿𝑡 𝑡𝑉 + 𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡 − 𝑡𝑉)�[𝑥]+𝑡

)
(2.4)

𝑡−ℎ𝑉 = 𝑡𝑉
(
1 − ℎ(�[𝑥]+𝑡 + 𝛿)) + ℎ (−𝐺𝑡 + 𝑒𝑡 + (𝑏𝑡 + 𝐸𝑡)�[𝑥]+𝑡

)
(2.5)
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EXERCISES FOR LESSON 2 13

Exercises

2.1. [150-F88:A5](6 points) 𝑍 is the present-value random variable for a whole life insurance of 1 payable at
the moment of death of (𝑥).
(a) Write an expression for 𝑍.
(b) Using E[𝑍] = E[𝑍 | 𝑇 ≤ ℎ]Pr(𝑇 ≤ ℎ) + E[𝑍 | 𝑇 > ℎ]Pr(𝑇 > ℎ), demonstrate that

�̄�𝑥 =

(∫ ℎ

0

𝑣𝑡 𝑡𝑝𝑥 �𝑥+𝑡 d𝑡
ℎ𝑞𝑥

)
ℎ𝑞𝑥 + 𝑣ℎ ℎ𝑝𝑥 �̄�𝑥+ℎ

(c) Using
d�̄�𝑥
d𝑥 = lim

ℎ→0

�̄�𝑥+ℎ − �̄�𝑥
ℎ

demonstrate that
d�̄�𝑥
d𝑥 = (�𝑥 + 𝛿)�̄�𝑥 − �𝑥

2.2. For a fully continuous whole life insurance of 1000 on (40):

(i) Gross premiums are paid at a rate of 20 per year.
(ii) Initial expenses are 70% of premium plus 5

(iii) Expenses payable every year including the first are 6% of premium plus 0.4, payable continuously.
(iv) Settlement expenses are 15.
(v) 𝛿 = 0.04

(vi) �50 = 0.005
(vii) 10𝑉

𝑔 = 122

Calculate the derivative of the gross premium policy value at time 10.

2.3. For a fully continuous 10-year deferred whole life insurance on (55) of 100,000:

(i) Net premiums are payable for the first 10 years only.
(ii) Net premiums are 4800.

(iii) 5𝑉 = 32,000
(iv) d

d𝑡 𝑡𝑉 = 6240 at time 5.
(v) �60 = 0.0032

Determine 𝛿.

2.4. For a fully continuous 30-year term insurance on (25) of 100,000:

(i) Net premiums are paid at a rate of 700 per year.
(ii) 𝛿 = 0.06

(iii) �40 = 0.008
(iv) d

d𝑡 𝑡𝑉 = −4.80 at time 15.

Determine the net premium policy value at time 15.

Exercises continue on the next page . . .SOA ALTAM Study Manual
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14 2. THIELE’S DIFFERENTIAL EQUATION

2.5. For a fully continuous 20-year endowment insurance of 1000 on (45):

(i) The annual gross premium is 40.
(ii) Expenses are 5% of the gross premium.

(iii) �𝑥 = 0.002(1.01𝑥)
(iv) 𝛿 = 0.05

Using Euler’s method with step 0.1 to numerically solve Thiele’s differential equation, with derivatives at
times 19.9 and 19.8, approximate 19.8𝑉 .

2.6. For a fully continuous 10-year term insurance of 100,000 on (55):

(i) The annual gross premium is 250.
(ii) Expenses are 3% of the gross premium, plus settlement expenses of 100.

(iii) �𝑥 = 0.001(1.015𝑥)
(iv) 𝛿 = 0.04

Using Euler’s method with step 0.1 to numerically solve Thiele’s differential equation, with derivatives at times 9.9
and 9.8, approximate 9.8𝑉 .

2.7. For a fully continuous 20-year deferred whole life insurance of 10,000 on (45):

(i) �̄�65 = 0.25821
(ii) The annual net premium is 71.25, and is payable for 20 years.

(iii) �𝑥 = 0.00015(1.06𝑥)
(iv) 𝛿 = 0.05

Using Euler’s method with step 0.5 to numerically solve Thiele’s differential equation, with derivatives at times
19.5 and 19, approximate 19𝑉 .

2.8. For a fully continuous 20-year endowment insurance of 10,000 on (45):

(i) The annual net premium is 359.76.
(ii) �𝑥 = 0.0002(1.065𝑥)

(iii) 𝛿 = 0.04

Using Euler’s method with step 0.5 to numerically solve Thiele’s differential equation, with derivatives at times
20 and 19.5, approximate 19𝑉 .

2.9. For a special 20-year term life insurance of 10,000 on (40), you are given:

(i) The death benefit is payable at the moment of death.
(ii) During the 5th year the gross premium is 150 paid continuously at a constant rate

(iii) The force of mortality follows Gompertz’s law �𝑥 = 𝐵𝑐𝑥 with 𝐵 = 0.00004 and 𝑐 = 1.1.
(iv) The force of interest is 4%.
(v) Expenses are:

• 5% of premium payable continuously
• 100 payable at the moment of death

(vi) At the end of the 5th year the expected value of the present value of future losses random variable is 1000.

Euler’s method with steps of ℎ = 0.25 years is used to calculate a numerical solution to Thiele’s differential
equation.

Calculate the expected value of the present value of future losses random variable at the end of 4.5 years.

(A) 975 (B) 962 (C) 949 (D) 936 (E) 923

Exercises continue on the next page . . .SOA ALTAM Study Manual
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EXERCISES FOR LESSON 2 15

2.10. For a 5-year warranty on Kira’s new cell phone, you are given:

(i) The warranty pays 100 at the moment of breakage, if the phone breaks. The warranty only pays for one
breakage.

(ii) If the phone has not broken, the warranty pays 100 at the end of 5 years.
(iii) Premiums of 𝐺 are payable continuously at an annual rate of 25 until the phone breaks.
(iv) The force of breakage for this phone is �𝑡 = 0.02𝑡, 𝑡 ≥ 0.
(v) 𝛿 = 0.05

(vi) 𝑡𝑉 denotes the gross premium policy value at time 𝑡 for this warranty.
(vii) At the end of year 4, Kira’s cell phone has not broken.

(viii) You approximate 4𝑉 using Euler’s method, with step size ℎ = 0.5 and using the derivatives of 𝑡𝑉 at times 4.0
and 4.5.

Calculate your approximation of 4𝑉 using this methodology.

(A) 71.0 (B) 71.4 (C) 71.9 (D) 72.4 (E) 72.8

2.11. For a 5-year warranty on Kira’s new cell phone, you are given:

(i) The warranty pays 100 at the moment of breakage, if the phone breaks. The warranty only pays for one
breakage.

(ii) If the phone has not broken, the warranty pays 100 at the end of 5 years.
(iii) Premiums of 𝐺 are payable continuously at an annual rate of 25 until the phone breaks.
(iv) The force of breakage for this phone is �𝑡 = 0.02𝑡, 𝑡 ≥ 0.
(v) 𝛿 = 0.05

(vi) 𝑡𝑉 denotes the gross premium policy value at time 𝑡 for this warranty.
(vii) At the end of year 4, Kira’s cell phone has not broken.

(viii) You approximate 4𝑉 using Euler’s method, with step size ℎ = 0.5 and using the derivatives of 𝑡𝑉 at times 4.5
and 5.0.

Calculate your approximation of 4𝑉 using this methodology.

(A) 71.0 (B) 71.4 (C) 71.9 (D) 72.4 (E) 72.8

2.12. [150-S90:A2] For a fully discrete life insurance of 1 on (𝑥), 𝑘+𝑡𝑉 is the policy value at duration 𝑘 + 𝑡, where
𝑘 is an integer and 0 < 𝑡 < 1, and 𝑏𝑘+1 is the benefit payable at time 𝑘+1 for death in year 𝑘+1. Deaths are uniformly
distributed over each year of age.

(a) (1 point) Use the survival function, 𝑆(𝑥), to demonstrate that

1−𝑡𝑞𝑥+𝑘+𝑡 =
(1 − 𝑡)𝑞𝑥+𝑘
1 − 𝑡𝑞𝑥+𝑘

(b) (4 points) Use the prospective policy value formula

𝑘+𝑡𝑉 = (𝑏𝑘+1)(𝑣1−𝑡)(1−𝑡𝑞𝑥+𝑘+𝑡) + (𝑘+1𝑉)(𝑣1−𝑡)(1−𝑡𝑝𝑥+𝑘+𝑡)
to demonstrate that

𝑘+𝑡𝑉 =
𝑣1−𝑡

1 − 𝑡𝑞𝑥+𝑘
((1 − 𝑡)(𝑘𝑉 + 𝜋𝑘)(1 + 𝑖) + (𝑡)(𝑘+1𝑉)(𝑝𝑥+𝑘)

)
Additional old SOA Exam MLC questions: S12:21, F12:6, S17:10, S18:15 

Additional old SOA Exam LTAM questions: F20:20, F21-B:15
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16 2. THIELE’S DIFFERENTIAL EQUATION

Solutions

2.1. (a) 𝑍 = 𝑣𝑇 .

(b) For E[𝑍 | 𝑇 ≤ ℎ], the numerator of the conditional expectation is 𝑣𝑡 times the conditional density function,
which here is 𝑡𝑝𝑥 �𝑥+𝑡/ℎ𝑞𝑥 if 𝑡 ≤ ℎ, 0 otherwise. So we get the parenthesized integral for E[𝑍 | 𝑇 ≤ ℎ]. Then
Pr(𝑇 ≤ ℎ) = ℎ𝑞𝑥 and Pr(𝑇 > ℎ) = ℎ𝑝𝑥 . The conditional density function for 𝑍 | 𝑇 > ℎ is 𝑡𝑝𝑥 �𝑥+𝑡/ℎ𝑝𝑥 for 𝑡 > ℎ, 0
otherwise. So

E[𝑍 | 𝑇 > ℎ] =
∫ ∞

ℎ

𝑣𝑡
𝑡𝑝𝑥

ℎ𝑝𝑥
�𝑥+𝑡 d𝑡

But 𝑡𝑝𝑥/ℎ𝑝𝑥 = 𝑡−ℎ𝑝𝑥+ℎ , so the integral becomes∫ ∞

ℎ

𝑣𝑡 𝑡−ℎ𝑝𝑥+𝑡 �𝑥+𝑡d𝑡 =
∫ ∞

0
𝑣ℎ+𝑡

′
𝑡′𝑝𝑥+ℎ �𝑥+ℎ+𝑡′ d𝑡′

where we changed the variable 𝑡′ = 𝑡 − ℎ. Factor out 𝑣ℎ and the rest of the integral is �̄�𝑥+ℎ . This gets us the
expression for �̄�𝑥 given in the question.

(c) From (b), the numerator of the limit expression is

�̄�𝑥+ℎ − �̄�𝑥 = �̄�𝑥+ℎ(1 − 𝑣ℎ ℎ𝑝𝑥) −
∫ ℎ

0
𝑣𝑡 𝑡𝑝𝑥 �𝑥+𝑡 d𝑡

Divide through by ℎ and calculate the limit of each of two terms. The limit of the first term is the product of
the limit of �̄�𝑥+ℎ , which is �̄�𝑥 , and the limit of (1 − 𝑣ℎ ℎ𝑝𝑥)/ℎ.

lim
ℎ→0

1 − 𝑣ℎ ℎ𝑝𝑥
ℎ

= lim
ℎ→0

𝑣0
0𝑝𝑥 − 𝑣ℎ ℎ𝑝𝑥

ℎ

= − d
dℎ 𝑣

ℎ
ℎ𝑝𝑥 evaluated at ℎ = 0

= − d
dℎ 𝑒

−ℎ(𝛿+
∫ ℎ

0 �𝑥+𝑢d𝑢) evaluated at ℎ = 0

= 𝛿 + �𝑥

For the second term, the derivative of the integral is the function evaluated at ℎ, or 𝑣ℎ ℎ𝑝𝑥 �𝑥+ℎ , which goes to
�𝑥 . So the limit is �̄�𝑥(𝛿 + �𝑥) − �𝑥 .
This is a special case of Thiele’s equation for a single-premium policy.

2.2. By Thiele’s equation,

d
d𝑡 10𝑉 = 0.04(122) + (20 − 0.06(20) − 0.4) − (1000 + 15 − 122)(0.005) = 18.815

2.3. By the form of Thiele’s equation for net premium policy values,

d
d𝑡 5𝑉 = 𝛿 5𝑉 + 𝑃5 − (𝑏5 − 5𝑉)�60

Because the policy is in the deferral period, 𝑏5 = 0.

6240 = 4800 + 32,000𝛿 + 0.0032(32,000)
𝛿 =

6240 − 0.0032(32,000) − 4800
32,000 = 0.0418
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2.4. By Thiele’s equation

d
d𝑡 15𝑉 = 𝛿 15𝑉 + 𝑃15 − (𝑏15 − 15𝑉)�40

−4.80 = 0.06 15𝑉 + 700 − (100,000 − 15𝑉)(0.008)
15𝑉 =

−4.80 − 700 + 800
0.06 + 0.008 = 1400

2.5. Use equation (2.3) twice.

�64.9 = 0.002(1.0164.9) = 0.003815

19.9𝑉 =
1000 − 0.1

(
40 − 2 − 1000(0.003815))

1 + 0.1(0.003815 + 0.05) = 991.2471

�64.8 = 0.002(1.0164.8) = 0.003811

19.8𝑉 =
991.2471 − 0.1

(
40 − 2 − 1000(0.003811))

1 + 0.1(0.003811 + 0.05) = 982.54

2.6. Use equation (2.3) twice.

�64.9 = 0.001(1.01564.9) = 0.002628

9.9𝑉 =
−0.1

(
250 − 7.5 − 100,100(0.002628))
1 + 0.1(0.04 + 0.002628) = 2.048805

�64.8 = 0.001(1.01564.8) = 0.002624

9.8𝑉 =
2.048805 − 0.1

(
250 − 7.5 − 100,100(0.002624))

1 + 0.1(0.04 + 0.002624) = 4.0499

2.7. There is no death benefit in year 19, so the benefit 𝑏𝑡 = 0 in that period. Let’s calculate the two �𝑥 ’s that we
need.

�64.5 = 0.00015(1.0664.5) = 0.00643161
�64 = 0.00015(1.0664) = 0.00624693

The net premium policy value at time 20, since the policy is paid up then, is 10,000�̄�65 = 2582.10.

19.5𝑉 =
2582.10 − 0.5(71.25)

1 + 0.5(0.05 + 0.00643161) = 2476.60

19𝑉 =
2476.60 − 0.5(71.25)

1 + 0.5(0.05 + 0.00624693) = 2374.20

2.8. We use equation (2.5), starting with 20𝑉 = 10,000.

�65 = 0.0002(1.06565) = 0.011988

19.5𝑉 = 10,000
(
1 − 0.5(0.011988 + 0.04)) + 0.5

(−359.76 + 10,000(0.011988)) = 9620.118
�64.5 = 0.0002(1.06564.5) = 0.011617

19𝑉 = 9620.118
(
1 − 0.5(0.011617 + 0.04)) + 0.5

(−359.76 + 10,000(0.011617)) = 9250.04
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18 2. THIELE’S DIFFERENTIAL EQUATION

2.9. The “expected value of present value of future losses” is the gross premium policy value.
As mentioned in this lesson, when you’re not told which derivatives to use, use the ones at the bottom of each

interval, since that’s what Actuarial Mathematics for Life Contingent Risks does. Therefore, we’ll need to compute �44.75
and �44.5.

�44.75 = 0.00004(1.144.75) = 0.002846968
�44.5 = 0.00004(1.144.5) = 0.002779934

The Euler solution is

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ(𝐺𝑡 − 𝑒𝑡 − (𝑏𝑡 + 𝐸𝑡)�𝑥+𝑡)

1 + ℎ(�𝑥+𝑡 + 𝛿)

4.75𝑉 =
1000 − 0.25

(
150(0.95) − 10,100(0.002846968))

1 + 0.25(0.002846968 + 0.04) = 961.2668

4.5𝑉 =
961.2668 − 0.25

(
150(0.95) − 10,100(0.002779934))

1 + 0.25(0.002779934 + 0.04) = 922.7918 (E)

2.10. There are no expenses in this question.
This question uses the form of Euler’s methodology that we discussed, namely approximating the derivative

by a forward difference quotient:
d𝑡𝑉
d𝑡 ≈ 𝑡+ℎ𝑉 − 𝑡𝑉

ℎ

and by Thiele’s equation
d𝑡𝑉
d𝑡 = 𝛿𝑡𝑉 + 𝐺 − �𝑥+𝑡(𝑏𝑡 − 𝑡𝑉)

so putting the two equations together,

𝑡+ℎ𝑉 − 𝑡𝑉 = ℎ
(
𝛿𝑡𝑉 + 𝐺 − �𝑥+𝑡(𝑏𝑡 − 𝑡𝑉))

𝑡𝑉 =
𝑡+ℎ𝑉 − ℎ(𝐺 − �𝑥+𝑡𝑏)

1 + ℎ(�𝑥+𝑡 + 𝛿)
Start with 5𝑉 = 100.

4.5𝑉 =
100 − 0.5

(
25 − 0.09(100))

1 + 0.5(0.09 + 0.05) = 85.98

4𝑉 =
85.98 − 0.5

(
25 − 0.08(100))

1 + 0.5(0.08 + 0.05) = 72.75 (E)

2.11. In this question, we use a backwards difference quotient for Euler’s method:

d𝑡𝑉
d𝑡 ≈ 𝑡𝑉 − 𝑡−ℎ𝑉

ℎ

together with Thiele’s equation
d𝑡𝑉
d𝑡 = 𝛿𝑡𝑉 + 𝐺 − �𝑥+𝑡(𝑏𝑡 − 𝑡𝑉)

to obtain

𝑡𝑉 − 𝑡−ℎ𝑉 = ℎ
(
𝛿𝑡𝑉 + 𝐺 − �𝑥+𝑡(𝑏𝑡 − 𝑡𝑉))

𝑡−ℎ𝑉 = 𝑡𝑉
(
1 − ℎ(�𝑥+𝑡 + 𝛿)) − ℎ(𝐺 − �𝑥+𝑡𝑏)

4.5𝑉 = 100
(
1 − 0.5(0.10 + 0.05)) − 0.5

(
25 − 0.10(100)) = 85

4𝑉 = 85
(
1 − 0.5(0.09 + 0.05)) − 0.5

(
25 − 0.09(100)) = 71.05 (A)
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